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Abstract. The main result of this note is that every closed Hamiltonian 5*^ manifold 
is uniruled, i.e. it has a nonzero Gromov-Witten invariant one of whose constraints 
is a point. The proof uses the Seidel representation of tti of the Hamiltonian group 
in the small quantum homology of M as well as the blow up technique recently 
introduced by Hu, Li and Ruan. It applies more generally to manifolds that have 
a loop of Hamiltonian symplectomorphisms with a nondegenerate fixed maximum. 
Some consequences for Hofer geometry are explored. An appendix discusses the 
, structure of the quantum homology ring of uniruled manifolds. 
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important class of varieties in birational geometry since they do not have minimal 
models but rather give rise to Fano fiber spaces; see for example KoUar |18| Ch IV]. 

One way to translate this property into the symplectic world is to call a sym- 
plectic manifold (M, to) (symplectically) uniruled if there is a nonzero genus zero 
Gromov-Witten invariant of the form 02, • • • , Ofc)^^ where /? 7^ 0. Here A; > 1, 
7^ /? G H2{M), and aj G H^:(M), and we consider the invariant where the k marked 
points are allowed to vary freely. Because Gromov-Witten invariants are preserved 
under symplectic deformation, a symplectically uniruled manifold (M, lo) has a J- 
holomorphic rational curve through every point for every J that is tamed by some 
symplectic form deformation equivalent to w. Further justification for this definition 
is given in the foundational paper by Hu-Li~Ruan [15] . They show that (M, u) is 
symplectically uniruled whenever there is any nontrivial genus zero Gromov-Witten 
invariant {Ti^pt,Ti^a2^ . . . ,Tif,ak)^ ^ with /? 7^ 0, where the ij > denote the degrees 

of the descendent insertions]^ They also show that the uniruled property is preserved 
under symplectic blowing up and down, and is therefore preserved by symplectic bira- 
tional equivalences. 

We will call a symplectic manifold (M, iv) strongly uniruled if there is a nonzero 
invariant (^pt, a2, 03)^ ^. (Since one can always add marked points with insertions given 
by divisors, this is the same as requiring there be some nonzero invariant with A; < 3, 
but it is slightly different from Lu's usage of the term in |25| Def 1.14].) Manifolds 
with this property may be detected by the special structure of their small quantum 



cohomology rings; see Lemma 2.1 



Kollar and Ruan showed in \18\ I34j (see also |15| Thm. 4.2]) that every projectively 
uniruled manifold is strongly uniruled; i.e. if there is a holomorphic through every 
point there is a nonzero invariant (pt, 02, 03)^^- It is not clear that the same is true in the 
symplectic category. Two questions are included here. Firstly, there is a question about 
the behavior of Gromov-Witten invariants: if there is some nonzero A;-point invariant 
with a point insertion must there be a similar nonzero 3-point invariant? Secondly, 
there is a more geometric question. Suppose that M is covered by J-holomorphic 2- 
spheres either for one w-tame J or for a significant class of J. Must M then be uniruled? 
Hamiltonian 5^-manifolds are a good test case here since, when J is w-compatible and 
S'^-invariant, there is an S'^-invariant J sphere through every point (given by the orbit 
of a gradient flow trajectory of the moment map with respect to the associated metric 
9J-) 

In this note we show that every Hamiltonian 5^-manifold is uniruled. This is obvious 
when n = 1 and is well known for n = 2 since, by Audin [2j and Karshon [T7] , the only 
4-dimensional Hamiltonian S'^-manifolds are blow ups of rational or ruled surfaces. Our 
proof in higher dimensions relies heavily on the approach used by Hu-Li-Ruan [15] to 
analyse the Gromov-Witten invariants of a blow up. 



^ Descendent insertions Ti are defined in the discussion following equation 13.21 
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The first step is to argue as follows. By Lemma 2.18 we may blow M up along its 
maximal and minimal fixed point sets -Fmax, -Pmin until these two are divisors. Then 
consider the gradient flow of the (normalized) moment map K with respect to an 
S'^-invariant metric gj constructed from an w-compatible invariant almost complex 
structure J. The S^-orbit of any gradient flow line is J-holomorphic. If a is the class 
of the S'^-orbit of a flow line from -Fmax to -Fmin then ci(q) = 2, and because there is 
just one of these spheres through a generic point of M one might naively think that 
the Gromov-Witten invariant (pt, -Fmin, -Fmax)^ is 1. However, there could be other 
curves in class a that cancel this one. Almost the only case in which one can be sure 
this does not happen is when the action is semifree, i.e. no point in M has finite 



stabilizer: see Proposition 4.3, If the order of the stablizers is at most 2, then one can 



also show that (M, must be strongly uniruled: see Proposition 4.2 However it is not 
clear whether (M, oj) must be strongly uniruled when the isotropy has higher order. 

To deal with the general case, we use the Seidel representation of 7ri(Ham(M, cj)) 
in the group of multiplicative units of the quantum homology ring Qi/*(M)g To 
make the argument work, we blow up o nce m ore at a point in -Fmax) obtaining an S^- 



manifold called {M^uj). By Proposition 2.14 the Seidel element 5(7) G QH2n{M) of 



the resulting action 7 on M involves the exceptional divisor E on M. Although we 
know very little about the structure of QH^{M), the fact (M, lo) is not uniruled implies 



by Proposition 2.5 that the part of QH^{M) that does not involve E forms an ideal. 
Moreover, the quotient of QH^:{M) by this ideal has an understandable structure. Using 
this, we show that the invertibility of 5(7) implies that certain terms in the inverse 
element 5(7"^) cannot vanish. This tells us that certain section invariant^ of the 
fibration P' 5^ defined by the loop 7"^ cannot vanish. The homological constraints 
here involve E. The final step is to show that these invariants can be nonzero only if 
(M, a;) is uniruled. Hence the original manifold is as well, by the blow down result of 
Hu-Li-Ruan [15j Thm 1.1]. Their blowing down argument does not give control on the 
number of insertions; a 3-point invariant might blow down to an invariant with more 
insertions. Hence we cannot conclude that (M, uj) is strongly uniruled. 

This argument does not use the properties of -Fmin nor does it use much about the 
circle action. We do need to assume that the loop 7 = {4>t} has a fixed maximal 
submanifold; i.e. that there is a nonempty (but possibly disconnected) submanifold 
-^max such that at each time t the generating Hamiltonian Kt for 7 takes its maximum 
on Fmax in the strict sense that if Xmax S -Fnax then Kt{x) < -K^t(xmax) for all x € M 
with equality iff x G -Fmax- Further we need 7 to restrict to an 5^ action near Fmax; i-e. 
in appropriate coordinates (zi, . . . Zk) normal to Fmax we assume that near Fmax the 



^ Although we describe this here in terms of genus zero Gromov-Witten invariants, another way 
to think of it is as the transformation induced on Hamiltonian Floer homology by continuation along 
noncontractible Hamiltonian loops. 

Suppose that P is a bundle with fiber {M, uj) with Hamiltonian structure group. Then the 

fiberwise symplectic form ui extends to a symplectic form Q on P. Gromov-Witten invariants of P in 
classes /3 £ H2{P;Z) that project to the positive generator of H2{S'^;'Z) are called section invariants, 
while those whose class lies in the image of H2{M; Z) are called fiber invariants. 
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generating Hamiltonian Kt has the form const — ^'nii\zf\ for some positive integers nii . 
In these circumstances, we shall say that 7 is a circle action near its maximum. 
Note that this action is effective (i.e. no element other than the identity acts trivially) 
iff gcd(mi, . . . ,mfc) = 1. 

Our main result is the following. 

Theorem 1.1. Suppose that Ham(M) contains a loop 7 with a fixed maximum near 
which 7 is an effective circle action. Then (M, iv) is uniruled. 

Corollary 1.2. Every Hamiltonian -manifold is uniruled. 

Remark 1.3. Since our proofs involve the blow up of M they work only when n := 
jdimM > 2. However Theorem 1.1 is elementary when n = 1. For then, if M 7^ S"^, 
the group HamM is contractible, as is each component of the group G of elements 
in HamM that fix xq. Therefore the homomorphism vri(G) — > 7ri(Sp(2, M)) given by 
taking the derivative at xq is trivial. This implies that there is no loop 7 in HamM 
that is a non constant circle action near xq. 

In fact, in this case there is also no nonconstant loop that is the identity near 
a fixed maximum. For lo is exact on M\{xq} so that the Calabi homomorphism 
Cal : Ham'^(M\{a;o}) — > M is well defined on the group Ham^ of compactly supported 
Hamiltonian symplectomorphisms of M\{xq}; cf. |3H Ch. 10.3]. In particular 



f\ [ {Ht{x)-Ht{xo))iv)dt, 
^Jm ' 



Cal((/.) := 

is independent of the choice of path 0^ in Ham'^ with time 1 map 0. But if 7 were a 
nonconstant loop in Ham'^ with fixed maximum at xq we could arrive at = id by a 
path for which this integral is negative. 

If all we know is that 7 has a fixed maximum -F^max tliGn for each x G -^max 

the 

linearized flow Atix) in the 2A;-dimensional normal space := TxM /Tx{F^iix) is 
generated by a family of nonpositive quadratic forms. We shall say that Fmax is non- 
degenerate if these quadratic forms are everywhere negative definite. In this case, the 
linearized flow is a so-called positive loop in the symplectic group Sp(2A;; M), i.e. a loop 
generated by a family of negative definite quadratic forms; cf. Lalonde-McDuff [20^. If 
2k < 4 Slimowitz |37| Thm 4.1] shows that any two positive loops that are homotopic 
in Sp{2k; M) are in fact homotopic through a family of positive loops. (In principle 
this should hold in all dimensions, but the details have been worked out only in low 



dimensions.) By Lemma 2.22 below, in the 4- dimensional case one can then homotop 



7 so that it is an effective local circle action near its maximum. Thus we find: 

Proposition 1.4. Suppose that dimM < 4 and the loop 7 has a nondegenerate maxi- 
mum at Xmax- Then 7 can be homotoped so that it is a nonconstant circle action near 
its maximum, that when dim M = 4 can be assumed effective. Thus (M, iv) is uniruled. 

Slimowitz's result also implies that every action on with strictly positive 
weights {nil, ■ ■ ■ j^-fc) is homotopic through positive loops to an action with positive 
weights {m[,m'2, . . . , mk) where m'^, m2 are mutually prime. (Here we do not change 
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the action on the last {k — 2) coordinates.) Since actions are effective iff their weights 
at any fixed point are mutually prime we deduce: 

Corollary 1.5. Theorem \l.l\ holds for any loop that is a circle action near its maxi- 
mum. 

These results have implications for Hofer geometry. It is so far unknown which 
elements in 7ri(Ham(M)) can be represented by loops that minimize the Hofer length. 
By Lalonde-McDuff |il9i Prop. 2.1] such a loop has to have a fixed maximum and 
minimum Xmax, a^miii) i-e. points such that the generating Hamiltonian Kt satisfies the 
inequalities Kt{x^i^) < Kt{x) < Kt{xjaax) for all x G M and t G [0, 1]. However, these 
extrema could be degenerate and need not form the same manifold for all t. 

If fixed extrema exist, then the S'-'^-orbit of a path from Xmax to Xmm forms a 2- 
sphere, and it is easy to check that the integral of uj over this 2-sphere is just Hi^ll := 
f {Kt{xyna.x) — Kt{xaim))dt; cf.[32] Ex.9.1.11]. Hence such a loop cannot exist on a 
symplectically aspherical manifold {M,uj). However, so far no examples are known of 
symplectically aspherical manifolds with nonzero 7ri(Ham(M)). 

It is easy to construct nonzero elements in 7ri(Ham(M)) for manifolds that are not 
uniruled. For example, by [29', Prop 1.10] one could take M to be the two point blow 
up of any symplectic 4-manifold. Hence, if one could better understand the situation 
when the fixed points are degenerate, it might be possible to exhibit manifolds for 
which 7ri(Ham) is nontrivial but where no nonzero element in this group has a length 
minimizing representative. This question is the subject of ongoing research. 

Remark 1.6. (i) It is not clear whether a Hamiltonian S'-'^-manifold {M,uj) always has 
a blow up that is strongly uniruled. However, as we show in Proposition |A. 4 there is not 



much difference between the uniruled and the strongly uniruled conditions. Moreover 
by Corollary 4.5 they coincide in the case when H*{M; Q) is generated by H'^{M; Q). 



(ii) It is essential in Corollary 1.2 that the loop is Hamiltonian; it is not enough that it 
has fixed points. For example, the semifree symplectic circle action constructed in ^26j 
has fixed points but these all have index and coindex equal to 2. Hence the first Chern 
class ci vanishes on 7r2(M) and M cannot be uniruled for dimensional reasons. 

(iii) One might wonder why we work with the blow up M rather than with M itself. 



One answer is seen in results such as Lemma 2.8 and Propositions 2.14 and 2.19 These 
make clear that the exceptional divisor in M forms a visible marker that allows us to 
show that certain Gromov-Witten invariants of M do not vanish. The point is that 
even though we cannot calculate QH^{M) in general, the results of ^2.1 show that we 
can calculate the quotient QH^,[M) /X provided that (M, w) is not uniruled. 

As always, the problem is that it is very hard to calculate Gromov-Witten invariants 
for a general symplectic manifold; if one has no global information about the manifold, 
the contribution to an invariant of a known J-holomorphic curve could very well be 
cancelled by some other unseen curve. The Seidel representation is one of the very few 
general tools that can be used to show that certain invariants of an arbitrary symplectic 
manifold cannot vanish and hence it has found several interesting applications; cf. 
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Seidel [36j and Lalonde-McDuff [2T]. It is made by counting section invariants of 
Hamiltonian bundles P with fiber M and base S"^ . It is fairly clear that the existence 
of fiber invariants of the blow up bundle P that involve the exceptional divisor E should 
imply that (M, a;) is uniruled. A crucial step in our argument is Lemma 2.20 which 
states that the existence of certain section invariants of P also implies that (M, cj) is 
uniruled. 

Another way of getting global information on Gromov-Witten invariants is to use 
symplectic field theory. This approach was recently taken by J. He [9j who shows that 
subcritical manifolds are strongly uniruled, thus proving a conjecture of Biran and 
Cieliebak in jSj §9]. This case is somewhat different than the one considered here; for 
example P" is subcritical while x P^ is not. 



The main proofs are given in ^ They use some properties of absolute and relative 
Gromov-Witten invariants established in fjsj Conditions that imply (M, uj) is strongly 
uniruled are discussed in ^ The appendix treats general questions about the structure 
of the quantum homology ring. 



Remark 1.7 (Technical underpinnings of the proof). The main technical tool used in 
this paper is the decomposition rule for relative genus zero Gromov-Witten invariants. 
Since we use this with descendent absolute insertions, it is useful to have this in a 
strong form in which the virtual moduli cycles in question are at least C^. To date the 
most relevant references for this result are Li-Ruan [23', Thm 5.7] and Hu-Li-Ruan 
§3]. However, relative Gromov-Witten theory is a part of the symplectic field theory 
package (cf . [6l S] ) . Therefore the work of Hofer-Wysocki-Zehnder [lOl lU HI [13] on 
polyfolds should eventually lead to an alternative proof. In ^we explain the relative 
moduli spaces, but our proofs assume the basic results about them. Note that we 
cannot get anywhere by restricting to the semi-positive case (a favorite way of avoiding 
virtual cycles) since we need to consider almost complex structures on M that are 
S^-invariant and these are almost never regular unless the action is semifree. 

Another important ingredient of the proof is the Seidel representation of vri of the 
Hamiltonian group Ham(M, w), which is proved for general symplectic manifolds in \n\ 
§1]. Finally, we use the identities (3.9) and (3.10) for genus zero Gromov-Witten in- 
variants. The former is fairly well known and is not hard to deduce from the cor- 
responding result for genus zero stable curves, while the latter was first proved by 
Lee-Pandharipande |22| Thm 1] in the algebraic case. For Theorem 1.1 we only need a 
very special case of this identity whose proof we explain in Lemma 3.14 The full force 
of (3.10) is used to prove Proposition 4.4 but this result is not central to the main 
argument. 
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2. The main argument 

Because the main argument is somewhat involved, we shall begin by outlining it. In 
we explain the structure of the quantum homology ring QH^,{M) of the one point 



^2.1 



blow up of a manifold (M, w) that is not uniruled. By Proposition 2.5 this condition 
on (Af, implies that the subspace of QH^,{M) spanned by the homology classes in 
H^{M\pt) forms an ideal I. Moreover, the quotient IZ := QH^{M) /Z decomposes as 



the sum of two fields (Lemma 2.7), and we can work out an explicit formula for the 
inverse of any unit u in TZ. 

The unit in question is the Seidel element 5(7) G QHjf{M) of the Hamiltonian loop 
7 on M. Usually it is very hard to calculate 5(7). However, when the maximu m fixe d 



point set -Fmax of 7 is a divisor, one can calculate its leading term (Corollary 2.12). 
Moreover, because the final blow up is at a point of -Fmax we show in Proposition |2.14 



that this leading term has nontrivial image in TZ. We next use the explicit formula for 
£ TZ to deduce the nonvanishing of certain terms in the Seidel element 5(7') for 
the inverse loop 7' := 7""^. But 5(7') is calculated from the Gromov-Witten invariants 
of the fibration P' determined by 7'. Hence we deduce in Corollary 2.15 that 

some of these invariants do not vanish. 

Finally we show that these particular invariants can be nonzero only if M is uniruled, 
so that our initial assumption that (M, lo) is not uniruled is untenable. The proof here 
involves two steps. First, by blowing down the bundle P' to P' , the bundle determined 
by 7' := 7~^, we deduce the nonvanishing of certain Gromov-Witten invariants in 



P' (Proposition 2.19). Second, we show in Lemma 2.20 that these invariants can be 
nonzero only if (M, cv) is uniruled. 

In this section we prove essentially all results that do not involve comparing the 
Gromov-Witten invariants of a manifold and its blow up. (Those proofs are deferred 
to ^) We assume throughout that (M, uj) is a closed symplectic manifold of dimension 
2n where n > 2. 



2.1. Uniruled manifolds and their point wise blowups. Consider the small quan- 
tum homology QM^,(M) := H^{M) A of M. Here we use the Novikov ring A := 
A(^[q,g~^] where g is a polynomial variable of degree 2 and A^ denotes the general- 
ized Laurent series ring with elements X^j>i^ii~'^S where rj G Q and is a strictly 
increasing sequence that tends to 00 and lies in the period subgroup V^) of [c<j], i.e. the 
image of the homomorphism : 7r2(M) M given by integrating cu. We assume that 
[lo] is chosen so that is injective. We write the elements of QH^,{M) as infinite sums 
Ei>i«i ® q'^n-'^\ where G i7*(M;Q) =: H^{M), the \di\ are bounded and 
before. The term a q'^t^ has degree 2d + deg a. 
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The quantum product a * 6 of the elements a, fe G H^{M) C QH^{M) is defined as 
follows. Let G /, be a basis for H*{M) and write G I, for the basis of H*{M) 
that is dual with respect to the intersection pairing, that is " = ^ij- Then 

(2.1) a*6:= J] {a,b,^i)^ ^ ^ q-'''^''^t--^''\ 

i,l3eH2{M;Z) 

where (a, 6, Ci)^ denotes the Gromov-Witten invariant in M that counts curves in class 

/3 through the homological constraints a, b, ^i. Note that if (a * b)p := Y^- (a, 6, 

then (a * 6)/3 • c = (a, 6, c)^. Further, deg(a * 6) = deg a + deg b — 2n, and the identity 
element is 1 := [M] . 

Lemma 2.1. The following conditions are equivalent: 

(i) (M, w) is not strongly uniruled; 

(ii) Q_ := © Hi{M) (g) A is an idea/ in the small quantum homology QH^{M); 

i<2n 

(iii) pt * a = for all a G Q- , where * is the quantum product. 

Moreover, if these conditions hold every unit u G QH^{M)^ in QH^{M) has the form 
u = 1.0 X + X, where x G Q_ and X is a unit in A. 

Proof. Choose the basis $,i so that = pt, Cm = [M] =: 1 and all other lie in Hj{M) 
for 1 < j < 2n. Then = ^m, and the coefficient of 1 (g) q~H~'^ in a * 6 is 

/3:a;(/3)=K,ci(/3)=d 

Since we assume that I^^ : 7r2(M) is an isomorphism and k G T^^, there is precisely 

one class /3 such that io{l3) = n. If /3 = this invariant is the usual intersection product 
aP(br\pt and so always vanishes for a, 6 G H^2n{M). Therefore, this coefficient is nonzero 
for some such a, b iff (M, uj) is strongly uniruled. But this coefficient is nonzero iff Q_ 
is not a subring. Note finally that since Q_ has codimension 1, it is an ideal iff it is a 
subring. 

This proves the equivalence of (i) and (ii). The other statements are proved by 
similar arguments. □ 

Remark 2.2. It seems very likely that (M,uj) is strongly uniruled iff Q_ contains no 
units. We prove this in the appendix, as well as a generalization to uniruled manifolds, 
in the case when the odd Betti numbers of M vanish. 

Now let {M,oj) be the 1-point blow up of M with exceptional divisor E. Put e := 
E"^^^, the class of a line in E. The blow up parameter is S := co{s), which we assume 
to be Q- linearly independent from Tj^. Later it will be convenient to write A^ =: A^ ,5. 

Lemma 2.3. Invariants of the form 

(E^s^E*^>J, o<i,j,k<n, p>o 

are nonzero only if p = 1 and i + j + k = 2n— 1, and in this case the invariant is —1. 
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Proof. Since ci(e) = n — 1 the invariant <^-E*, , E^')^^^ is nonzero only \in + p{n — 1) = 
i + j + k. Since i + j + A; < 3n — 3 we must have p = \. The result now follows from 
the fact that if J is standard near E then the only e curves are lines in E. □ 

Corollary 2.4. Let < i,j < n. Then 

E' * E^ = E^n E^ = E'+^ if i+j<n, 

EU E"--^ = -pt + E (g) q-'^+h-^ and 

E^ * E^ = E^+i-'^+^ ® q-'^+H-^ if n<i+ j <2n-l. 

We prove the next result in ^ by the technique of Hu-Li-Ruan |15) . 

Proposition 2.5. Let (M,Li3) he the one point blow up of M with exceptional divisor 
E, and let a,b £ H^2niM). If any invariant of the form 

{aAE^f^, {a,E\E^)f, {E\E^,E'')f, /orO/^/pe, i,j,k>l 

is nonzero, then (M, co) is uniruled. 

Decompose QH^{M) additively asl®£- where Z is generated as a A^-module by the 
image of H^2n{M) in H^{M) and £ is spanned by 1, -E, ... , = e. Proposition 2.5 
implies: 

Corollary 2.6. If {M,uj) is not uniruled, I is an ideal in QH^,{M). 

Proof Let a,b £ i7<2„(M). Then a * b £ I {a * b)^ ■ E'' = {a, b, E^)~ = for ah 

/? G H2{M) and all A; > 1. Therefore the hypotheses imply that T is a subring. It is an 
ideal because a* E^ = ^ for all > 1 . □ 

Let £2n denote the degree 2n part of £. This is not a subring of QH^:{M) since for 
example 

{E^q)*{e(8) g""^) = -pt0q"' + E0 qt~^ . 
Nevertheless if (M, a;) is not uni ruled, £2n can be give n the ring structure of the quotient 
QH2n{M)/I. By Corollary 2.4 and Proposition 2.5 there is a ring isomorphism 

£2n^ K,5[s]/{s'' = st~^) given by E (g) q s. 

Composing with the quotient map QH2n{M) — > £2n — QIl2niM)/I we get a homo- 
morphism 

'^E : QH2n{M) ^ 7^ := A^,s[s]/{s^ = sf-^). 

Lemma 2.7. The ring TZ decomposes as the direct sum of two fields TZi © 7^2- 

Proof. Denote ei := 1 — s"'~^t^ and 62 '■= Because sei = 0,se2 = s we find 

ef = Ci and 6162 = 0. Moreover TZi := eiTZ is isomorphic to the field eiA^^^. To see 
that 7^2 := ^2^^ is a field, consider the homomorphism 

F : 7^ ^ A^,5/(„_i) given by s ^ t ^ t. 
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Then F(e2) = 1 and the kernel of F is eiTZ. Hence F gives an isomorphism between 
627^ and the field A.i^^s/{n-i}- ^ 

Denote 

X := {x gTZ: X = ^ns'^H'''^ n £ Q, < di < n, Ki > O}. 

i>0 

Then for all x £ X the element 1 + x is invertible with inverse 1 — x + x'^ — . . . . 

Lemma 2.8. Let u £ TZ be a unit of the form 1 +rst'^°{l +x) where x £ X , r ^ and 
kq £ is > 6. 
(i) If n > 3 then 

u-^ = 1- s^-h^ + ls"-2i'5-'^o (1 + y) , for some y£X. 
(a) Ifn = 2 then u~'^ = 1 - st^ + ^st^^-Ko (i + f^r some y £ X. 
Proof. Since e2U = 62(62 + rst''"(l + x)) we may write 

u = eiu + e2U = 61 + 62(5""-^*'^ + rst''o(l + x) 



= 61 + 62rst''« (1 + x ) where x := x + ls'^-2t<5-«o _ 

r 

If n > 2 define v := ei + ^e2s"'^^t^^'^°{l + x')^^. Then eiuv = 61 while 62^^ = 
62s"'~^t'' = 62- Hence = v. Since 62s"~^ = s"~^ when n > 2, this has the form 
required in (i). When n = 2 we take v = ei + ^62st^^~''°(l + x')~^. □ 

Remark 2.9. Here we restricted the coefficients of QHj,{M) to A^[g, q'"^] to make the 
structure of IZ as simple as possible. However, in order to define the Seidel representa- 
tion we will need to use the larger coefficient ring A^°'^[g, q^^] where A""^'^ consists of 
all formal series Yli>i where Kj G M is any increasing sequence that tends to 00. 

Since IZ injects into IZ' := A^°'^[s]/(s" = st~^^ the statement in Lemma 
valid when we think of u as an element of TZ'. 



2.8 



remains 



2.2. The Seidel representation. This is a homomorphism S from 7ri(Ham(M, w)) 
to the degree 2n multiplicative units QH2n{M)^ of the small quantum homology ring 
first considered by Seidel in |35]. To define it, observe that each loop 7 = {4)t} in 
Ham(M) gives rise to an M-bundle P.y — > P"*^ defined by the clutching function 7: 

:= M X D+U M X D^/^ where {^x), e^^'^) ^ {x, e^^'^) _. 

Because the loop 7 is Hamiltonian, the fiberwise symplectic form uj extends to a closed 
form $7 on P, that we can arrange to be symplectic by adding to it the puUback of a 



suitable form on the base P^; see the proof of Proposition 2.11 below. 

In the case of a circle action with normalized moment map K : M ^ M we may 
simply take {P^,Q) to be the quotient (M x 51 S^,Qc)i where acts diagonally on 

and pulls back to a; + (i((e — K)aj. Here a is the standard contact form on 
normalized so that it descends to an area form on 5^ with total area 1, and c is any 
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constant larger than the maximum Xmax of K. Points Xmax,a;min in the fixed point 
sets Fmax and -Fmin give rise to sections Smax := 2;max x and Smin := a^min X P^. Note 
that our orientation conventions are chosen so that the integral of O over the section 
•Smin is larger than that over Smax- For example, if M = S*^ and 7 is a full rotation, 
can be identified with the one point blow up of P^, and Smax is the exceptional divisor. 
In the following we denote particular sections as 5rnax Or Smin; while Writing CTj^ax ! *-^min 
for the homology classes they represent. 

The bundle P^y — > P^ carries two canonical cohomology classes, the first Chern class 
gVert q£ £]^g vertical tangent bundle and the coupling class u^, the unique class that 
extends the fiberwise symplectic class [uj] and is such that ti""*"^ = 0. Then 



7' 

7 



(2.2) 5(7):= a.® g-^^"^'^)* 

where a G H2{P;'Z) runs over all section classes (i.e. classes that cover the positive 
generator of i^2(lP^;^)) and Ua- G H^:{M) is defined by the requirement that 

(2.3) aa-MC={c)^, ioT all c£ H4M). 

(Cf. j32| Def. 11.4.1]. For this to make sense we must use A*^"'^ instead of A^^ as 



explained in Remark 2.9 Note that we write -m for the intersection product in M.) 
Further for all b,c£ H^{M) 

(2.4) 5(7) * 6 = ^ ® ^here b„ -m c := {h, c>f . 



Remark 2.10. Lemma |2 . 1 1 shows that if (M, a;) is not strongly uniruled then 5(7) = 
11® A + 2; where x G Q_(M). Therefore 5(7) *pt = pt^X, which in turn means that all 

2-point invariants (pt, c)^ with c G H^2n{M) must vanish. In other words, a section 
invariant in with more than a single point constraint must vanish. We shall expand 
on this theme later in Lemmas 12.201 and 12.211 

In general it is very hard to calculate 5(7). The following result is essentially due 
to Seidel |35| §11]; see also McDuff-Tolman [Thm 1.10] [33^,. We shall say that Kt is a 
normalized generating Hamiltonian for 7 = iff 



Lo{,j)t,-) = -dKt, and / Ktuo'^ = 0. 

Jm 



Further we define 

(2.5) -K"max := / max Kt{x)dt. 

Jo ^6M 

Proposition 2.11. Suppose that 7 has a nonempty maximal submanifold F^ax and is 
generated by the normalized Hamiltonian Kt- Then 

5(7) := Omax ® g^—t^-- + a/3 ® g'^-ax-ci(/3)^K^,x-<^(/3)^ 

f3(^H2{M;Z), w(/3)>0 

where mmax := -cy''''*(fTmax)- Moreover Cmax -m c = (c)^ . 

\ / '-'max 
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Proof. Because 7 is assumed to have a fixed maximum, we may write the section classes 
a appearing in 5(7) as (Tmax+/? where /3 S H2{M), and then denote O/j := Oo-. Therefore 
by equation ( |2.2[ ) the result will follow if we show that: 

(a) the only class with < that contributes to the sum is the class /? = 0, and 

(b) -^^((Tmax) = -f^max- 

Consider the renormalized polar coordinates (r, t) on the unit disc D^, where t : = 
e/2TT. Define 0_ := w + £d{r'^) Adt on M x for some small constant e > 0, and set 



n+:=io+ (^Kir^,t)d{r'^) - d[p{r'^)Kt)) A 



dt, on M X D< 



where p(r^) is a nondecreasing function that equals near and 1 near 1. If K(r^, t) = e 
near r = 1, these two forms fit together to give a closed form J7 on P. Moreover, O is 
symplectic iff K{r'^,t) — p'{r'^)Kt{x) > for all r,t and x G M. Hence we may suppose 
that 

(2.6) u := n = -Ke+ (K(r'^,t) - p'(r'^)meixKt(x))2rdrdt 

is as close to zero as we like. 

A class f3 contributes to 5(7) iff some invariant \c/^ 7^ 0. In particular, we 
must have ^^0, = i' + ^{P) > for all symplectic forms on P. Hence we need 
> 0. 

It remains to investigate the case a;(/?) = 0. Note that O defines a connection on 
P ^ whose horizontal spaces are the Q-orthogonals to the vertical tangent spaces. 
Further, this connection does not depend on the choice of function k. Choose an Q- 
compatible almost complex structure J on P. We may assume that both the fibers 
of P ^ and the horizontal subspaces are J-invariant. Thus J induces a compact 
family Jz,z G P^, of u-tame almost complex structures on the fiber M. Let h be the 
minimum of the energies of all nonconstant J^-holomorphic spheres in M for z G P^. 
Standard compactness results imply that ^ > 0. Note that if we change k (keeping O 
symplectic) J is remains J7-compatible. Hence we may suppose that u := Q < h. 

We now claim that the only J-holomorphic sections of P with energy < v are the 
constant sections a; x P"^ for x G -Fmax- To see this, decompose tangent vectors to P as 
V + h where v is tangent to the fiber and h is horizontal. Then, because of our choice 
of J, at a point (x, z) over the fiber at z = (r, t) G 

n{v + h,Jv + Jh) = uj{v, Jv) + n{h, Jh) > n{h, Jh) 

> 2r(/^(r^^) — p'{r^) max Kt{x))dr Adt{h,Jh). 

Here the first inequality is an equality only along a section that is everywhere horizontal, 
while the second is an equality only if the section is contained in Fmax x IP^- (Recall 
that by assumption Kt{x) < -ftTmax for x ^ Fmax-) Similarly, the corresponding integral 
over D- is > e with equality only if the section is constant. Comparing with equation 



(2.6) we see that the energy of a section is > with equality only if the section is 



constant. This proves the claim. 
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Now suppose that the class /3 with u){/3) = contributes to 5(7). Then the class 
Cmax + /3 of energy v must be represented by a J-holomorphic stable map consisting 
of a section, possibly with some other bubble components in the fibers. Since each 
bubble has energy > h > v, the stable map has no bubbles and hence by the preceding 
paragraph must consist of a single constant section in the class o"max- Thus /? = 0. This 
completes the proof of (a). 

To prove (b) it suffices to check that the coupling class on is represented by 
the form JIq that equals u on M x Z)_ and 

uj - d{p{r'^)Kt) Adt, on M x D+. 

For this to hold we need that Jp = 0. But this follows easily from the fact that 
Kf is normalized. □ 

Corollary 2.12. Suppose that the fixed maximum -Fmax of j is a divisor and that 7 is 
an effective circle action near F^aax- Then 

(2.7) 5(7) =Fmax«'gt^"^"''+ Yl ap(^q^-^^^^U^^-^-^^^\ 

/3eH2(A/;Z),a;{/3)>0 



Proof. By Proposition |2.11] it remains to check that the contribution o-max 

of the sec- 
tions in class (imax to 5(7) is Fmax- We saw there that the moduli space of (un- 
parametrized) holomorphic sections in class (Tmax can be identified with Fmax- In partic- 
ular, it is compact. Because acts with normal weight —1, cy'^'^*(a"max) = — ''Ttmax = —1 
and one can easily see that these sections are regular. (A proof is given in |33t 

Lemma 3.2].) Hence Omax • a '■= («) = Fma.x ■ a for all a G HAM). □ 

^ ' max 



If (Af, uj) is not strongly uniruled then, by Lemma 2.1 the unit 5(7) must be of the 
form 1 A -|- X where x G H^2n{M) and A G A is also a unit. The previous lemma 
shows that A = rt^'^^^~'^'^ + l.o.t. where r G Q is nonzero, kq = oj{l3) > 0, and l.o.t. 
denotes lower order terms. We need to estimate the size of kq for the blow up {M,uj). 
In the course of the argument we shall also need to consider the bundles P' — > and 
P' P-^ defined by 7' := 7"-*^ and its blow up (7)"^- We will represent the inverse loop 
7~^ by the path {(/>i_t}, so that it is generated by the Hamiltonian := —Ki-f If 
for any normalized Hamiltonian Kt we set -R'min := / ^^^xeM Kt{x)dt, then 

K' — — K ■ nnH K' — — K 

Similarly, If Kt and K[ generate the blow up loop 7 and 7' := 7^-'^ then 

^max — -^miii) and K-^^^^ — -^max- 

The above remarks imply that the coefficients A, A' of 1 in the formulas for 5(7), 
5(7') have the form 

A = rQt^'^''''~'^° + l.o.t.. A' = rot-^^='-"''o + l.o.t. 
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for some nonzero tq, Tq G Q. Similarly, we write the coefficients A, A' of 1 in the formulas 
for 5(7), 5(7') as 

A = fot^-ax-«0 ^ l o t., A' = foi^max-«0 + l.Q.t. 



where tq, are nonzero. Corollary 2.12 implies that if [uj] is assumed to be integral then 
kq £ Z because it is a value uj{(3) of [lo] on an integral class f3 G H2{M;Z). Similarly 
kq is a value of u) on H2{M; Z). On the other hand, because the loop 7' need not have 
a fixed maximum k'q need not be a value of uj on H2{M; Z), although — -f^max — is a 
value of the coupling class uy on H2{P';Z). 

In the next lemma we assume that (M, cD) is not strongly uniruled. Hu |14| T hm. 1.2] 
showed that (M, cj) is strongly uniruled only if (M,cj) is also (cf. Lemma 3.3). Hence 
our hypothesis implies that (M, uj) also is not strongly uniruled. 

Lemma 2.13. Let (M,uj) be the blow up of {M,uj) at a point of F^^^- Then: 

(i) ^max I^min — ^max -^min- 

(ii) // (M, Lu) is not strongly uniruled then kq + Kg = kq + = i^max — Kmin- 

(iii) If {M,uj) is not strongly uniruled, then kq = kq and k'q = k'q. 

Proof. Observe that the action near the point x^ax G -^max in M extends to a 
local toric structure in some neighborhood U of Xmax that preserves the submanifold 
U n -Fmax- Hence we can form (M,uj) by cutting off a neighborhood of the vertex of 
the local moment polytope corresponding to Xmax- Since we do not cut off the whole 
of Fmax this does not change the length maxx^u Kt{x) — mmx^u Kt{x) of the image of 
the normalized local S^-moment map at each t. This proves (i). 
The identity 

1 = 5(7) * 5(7') = (1 ® A + A' + x') 



implies that A' = A ^. By Lemma 2.1 this is possible only if i^max — '^^o+-^max — = 0. 
Therefore kq + k'q = -fCmax — Kmin- (Here we use the fact that K^^x = —Kmin-) A 
similar argument shows that ko + k'q = i^max — -f^min- In view of (i), this proves (ii). 
The proof of (iii) is deferred to the end of this section (after Corollary 2.15| ). □ 

We now prove the key result of this section that ties the current ideas to the previ- 
ously developed algebra. 

Proposition 2.14. Suppose that {M,uj) is not uniruled, and that [lo] G i/*(M;Z). Sup- 
pose further that 7 has a maximal fixed point set -Fmax that is a divisor, and that 7 acts 
near Fmax <is an effective circle action. Then there is a unit u G £2n '■= QH2niM) /2 
of the form 

u = rE(g) gi'^o + l + x, r / 0, 
where x = Y2k >5 ^''^ qjifi^o-i^i Jgr some < jj < n and kq £ T^^ is positive. 

Proof. Let (Af, uj) be the one point blow up of (M, a;) with blow up parameter 6 as 
before. Then [Fmax] = [Fmax] — E where E is (the class of) the exceptional divisor 
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and we consider [Fmax] £ H2n-2{M) = H2n-2{M\E). Denot e hy Kt the normalized 
generating Hamiltonian for the hft 7 of 7 to M. By Corohary 
of 7 has the form 



2.12 



the Seidel element 



f2i 



5(7) = i^max^gt^'""" + Yl ^P^^ 



l-ci(/3) ^K,-n^^-Z>{P) 



(mod X). 



Denote the coefficient of 1 = ^^'^ in this formula by A € A™^^. Since {M,uj) is the blow 
up of {M,Lo) it is not uniruled by Hu -Li-Ruan |15| Thm 1.1]. Therefore the fact that 
5(7) is a unit implies by Lemma 2.1 that A is also a unit. Write A = t^max-Ko|'^^ _|_ 
where ?o 7^ and y is a sum of negative powers of t. Lemma 2.13[ iii) implies that 
Ko = Ko = uj{(i) > for some /3 G H2{M). Now let u = 5(7) (g) A~^ mod I. This has 
the required form. □ 

In the next corollary we denote the exceptional divisor in the fiber M of P' ^ by 
E, and write E^ for its j-fold intersection product in M considered (where appropriate) 
as a class in P' . 



Corollary 2.15. (i) Let n > 3. Then under the conditions of Proposition 2.14 there 
is ae H2{P';Z) such that (E^)^'^^ + 0. 

(a) Similarly, if n = 2 there is a G H2{P';'L) such that {E)^_2e ^' 

u has the form 1 — s'' 



Proof, (i) By Lemma 



2.8 



-l^<5 _|_ lgn-2y.<5-Ko 



^<5-«o(i + i.o.t.). But 



-1 



5(7') A mod I. Therefore 



5(7') 



(mod X). 



By Lemma 



2.13 



(iii) A ^ is a series in t with highest order term t ^m^x 
the largest k such that the coefficient of s^~'^t'^ in 5(7') is nonzero is 



'^0. Therefore 



+ Ko + 6 - Kq 

Since the coefficient of t^max-^^o in 5(7') is nonzero, it follows from the definition of 
S in equation (2.7) that there is a section do of P' such that — ^^/((Tq) = i^^ax ~ ^o- 
We will take this as our reference section, writing all other sections in P' in the form 
a'Q + (5 where /3 G i?2(M; Z) and those of P' asa'^ + p where p £ i^2(M; Z). 
Observe that 



where the second equality holds by Lemma 2.13 (iii), and the third by Lemma 2.13 
(ii) and the identity -ftT^ax = —Kmm- Since the coefficient of in 5(7') is nonzero by 
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hypothesis, there is P £ H2{M;Z) such that 

K = — u^/(crQ + /?) = —UY{aQ) — uj{P). 

Therefore 

Uj{(3) = -Uyi{aQ) - K = -i^max + Kq + ETmax - 6 = Kq - 6. 

Since is injective /? must have the form (j — e for some jS G H2{M). Hence we may 
write the class CTq + /3 as (Tq + /3 — e = cr — e for some a = (t'q + j3 G -ff 2 (-?")• Therefore 
the coefficient of s^~'^t'^ in 5(7') arises from a nonzero invariant of the form 

where a £ H2{P'). (To check the power of E here, note that E"^ -m ^""^ = -!•) This 
proves the first statement. 

The proof of (ii) is similar and is left to the reader. □ 

Remark 2.16. (i) By construction —u^i[a) = — Kmin — '^q — = — -f^max = ~^7(Smin)' 
where s'^^-^ is the section of P' that is blown up to get P' . Therefore the classes a and 
(T^jjjj^ are equal. 

(ii) The reader might wonder why we ignored the coefficient of s'^~^t^ in 5 (A'). But, 
reasoning as above, one can check that this term gives rise to a nonzero invariant of 
the form 

where a = ctq. When one blows P' down to P' this corresponds to the invariant \pt)^ , 
which we already know is nonzero. Hence this term gives no new information. 



We finish this section by proving Lemma 2.13| (iii) . For this we need the following 
preliminary result. 

Lemma 2.17. Let P,P,P',P' be as above. Then: 

(i) For any section class a G H2{P) 

where on RHS we consider a G H2{P)- 

(ii) Similarly, for any section class a G H2{P') 

{v€ = (.of. 

where on RHS we consider a G H2{P')- 

Proof. Hu showed in [14, Thm. 1.5] that if Q is the blow up of Q along an embedded 
2-sphere C in a class with ci(C) > then the Gromov-Witten invariants in classes 
a G H2{Q) with homological constraints in H^{Q\C) remain unchanged. (The proof 
is similar to that of Proposition 



2.19 



below.) The result now follows because P is the 
blow up of P along the section Smax with ci(sniax) = Ij while P' is the blow up of P' 
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along a section s^j^^ with ci{s'^^^) = 3. (Cf. ^3.3 for more detail on the construction of 
P'.) □ 



Proof of Lemma 2.13 (iii). We need to show that kq = '^o and k'q = k'q. Since 
1^0 + n'o = ^0 + ^0 part (ii) of Lemma 2.13 it suffices to show that kq < a-nd 

k'q < Kq. 



But by equations (2.2) and ( |2.3[ ), kq is the minimum of uj{(3) over all classes a = 
<7max + P such that (pt) 7^ 0. Similarly, is the minimum of io{/3) over all classes 
<7 = Cmax + /? such that / 0. But (Tmax = fmax, and by Lemma 2.171) every 

class a with nonzero invariant in P also has nonzero invariant in P . Hence we must 
have kq < kq- 

Now consider the fibrations P' ^ P\ P' ^ To compare Kq with Kq we need 
to use suitable reference sections that do not change under blow up. Instead of the 
maximal sections SmaxjS^max we use the corresponding minimal sections s^;^ and ^^^^ 
that represent the classes o'^^^ and o'^^^. Thus we write every section class o' of P' 
as cj^jjj + /?, where /? G H2{M). Note that fj^^jj^ is taken to 5^^^^ under the natural 
inclusion H2{P') H2{P'). 

The symplectomorphism from the fiber connect sum P#P' to the trivial bundle 
takes the connect sum of the sections Smax and s[^-^^ to the trivial section x pt and 
the connect sum of the coupling classes u^^uy to the coupling class pr'^,j{u) of the 

trivial bundle Pi x M ^ P^. Hence 

1i7(Smax) + 1i7'(Smin) = Pf*Ali^^){^^ X Pt) = 0. 

Therefore uy{s'^^^) = — u^(smax) = -^max- A similar argument applied to the blowups 
shows that UYi^mml 



By Proposition 2.11 we can interpret Kq as the minimum of K'^^^ + uy^a') over all 



we 



classes a' such that (pt)^, / 0. Writing a' as cj^j^ + /3 and using -ftT^iax 
find 

-^max + ^7'(^min + P) = ^max " i^min + "^(Z?)- 

Hence Kq is the minimum of /Cmax — -f^'min + over the corresponding set B of classes 
(3. Similarl y, is the minimum of K^nax — -f^min + ^{P) over a set of classes /3 that. 



by Lemma 2.17 (ii) and the fact that a^j^ 
^max — -f^miii) we find that k'q < k'q as required 



fj' : , includes B. Since K„ 



□ 



2.3. Proof of the main results. Suppose that 7 is a loop of Hamiltonian symplecto- 
morphisms of (M, w) with a fixed maximum near which it is an effective circle action. 
A standard Moser argument]^ implies that we can assume that /^^ is injective. The next 



lemma shows that we can always arrange for the other conditions of Proposition 2.14 
to hold 



"^Perturb the given form to a suitable class and then average over the action. 
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Lemma 2.18. Suppose that the submanifold -Fmax of M is a fixed maximum of the 
loop 7 and that nearby 7 is an effective action. Then we can blow up along -Fmax 
to achieve an action on some blow up of M for which the new -F^max ^ divisor with 
normal weight m = 1. 

Proof. Suppose that the weights of the action normal to -Fmax are (— mi, . . . , — m^) 
where < nii < m2 < • • • < ruk- Let M be the blow up of M along -Fmax- Then 
the weights of the induced action normal to the new maximal fixed point set are 
—mi, — {mi — mi), . . . , — {rrik — mi), where i is the smallest index such that mj > mi. 
Therefore by repeated blowing up along the maximal fixed point of the moment we can 
reduce to the case when there is just one normal weight, i.e. Fmax is a^ divisor. The 
normal weight is 1 since the action is effective. □ 



Corollary 2.15 summarizes the information given to us by the Seidel representation. 



To make use of it, we need o ne m ore result relating the Gromov-Witten invariants of 



P' and P' . This is proved in ^3.3 



Proposition 2.19. Suppose that (M, w) is not uniruled. 

(i) If n > 3 and (^F'^)^_^ 7^ for some section class a G //2(F';Z) then (ript)^ 7^ 0. 

(ii) If n = 2 and \E) ^_2^ 7^ then for some section s in P' at least one of (^pt,s^^ 

and (ript)^ is nonzero. 

We next show that the situation discussed in the above proposition cannot occur: in 
fact, if the conclusions hold (M, w) must be strongly uniruled. 

Lemma 2.20. // there is an element 7 S 7ri(Ham(M)) such that the descendent in- 
variant 

(rkPt)^ + 

for some k > and some section class a in P := P^ then (M, a;) is strongly uniruled. 
Proof. As explained in §4 (see equation ( |3.9| )) we may express this invariant as a sum 

i,ai-\-a2=(T 

where aj S H2{P) and d runs over a basis for H^{P) with dual basis Because the 
symplectic manifold (P, 0,) supports an 0,-tame almost complex structure J such that 
the projection P — > is holomorphic, the only classes in H2{P) with nontrivial GW 
invariants project to nonnegative multiples of the generator of H2{F^). Thus one of the 
classes aj is a section class and the other is a fiber class, i.e. a class in i?2(M). But if 
a2 is a fiber class then it cannot meet two separate copies of M. Hence any nonzero 
term in this expansion must have section class 02- Then ai is a fiber class, and so by 
Lemma 13.81 

{Tk-ipt,ii)^^ = {Tk-ipt,^inM)^^. 



But now by repeated applications of equation (3.9) one finds that M is strongly unir- 



uled; cf. the proof of Lemma 4.8, □ 
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The following lemma is proved by a similar argument; see §3.4| at the end of ^ 

Lemma 2.21. Suppose that (M, w) is the blow up of a symplectic 4-manifold that is 
not rational or ruled. Then there is no ^ £ 7ri(Ham(M)) such that the corresponding 
fibration P ^ has a section s and a section class a with 

{pt, s>f / 0. 

Proof of Theorem |l.l[ Suppose first that dim M > 6 and that (M, uj) is not uniruled. 
By Lemma 2.18|we may assume that we are in the situation of Proposition 2.14 Then 



Corollary 2.15 ^i) together with Lemma 2.20 implies that (M, w) is strongly uniruled. 



This contradiction shows that the initial hypothesis must be wrong: in other words, 
(M, Lo) is uniruled. 



When dimM = 4 the argument is similar, except that we use Lemma 2.21 instead 



of Lemma l2:20l □ 



Finally note that Proposition 1.4 follows from the next lemma. 



Lemma 2.22. Suppose that the loop 7 in Ham(M, a;) has a nondegenerate fixed max- 
imum at Xmax- Suppose also that the linearized flow At,t £ [0, 1], at Xmax is homotopic 
through positive paths to a linear circle action. Then 7 is homotopic through Hamil- 
tonian loops with fixed maximum at a^max to a loop 7' that is a circle action near a^max- 

Proof. Identify a, neigliborliood. of Xmax 

with a neighborhood of {0} in M^" with its 

standard symplectic form ujq. 

Step 1: The loop 7 =: 70 is homotopic through loops 7^ = {(j)st} with fixed maximum 
at {0} to a loop 71 that equals the linear flow At in some neighborhood of {0}. 

Let 7 = with generating Hamiltonian Hf. By assumption Ht = + 0(||x||'^) 
where for each t there is a positive definite symmetric matrix Qt such that H^^x) = 
—x^Qtx. We shall choose (j)st of the form (pt ° Qst ° ^st where 

• for each s G [0, 1], the loop gst^ t € [0, 1], consists of diffeomorphisms with support in 
some small ball -B2ri := -82^(0) such that for all s,t we have 

dgst{^) = id, got = id, gu = {(pt)~^ o At in Bj.^; 

• hst has support in the ball B^n and is such that h*t{g*st^o) = '^o- Moreover hit = id 
on Br^. 

Choose gst satisfying all conditions above and with support in int B2r^ ■ Since 
dgst{0) = id, we may write gst{x) = x + 0(||x^||). Hence we may arrange that for 
some constants co,ci we have ||g<j((x) — x|| < co||x|p and \gst^o — uJo\ < ci||x||. Note 
that we may assume that these constants Ci, as well as all subsequent ones, depend 
only on the initial path <j)t, i-e. there are constants R > and Cj such that suitable 
gst exist for all ri < R. Then, reducing R as necessary, ci||x|| is arbitrarily small on 
i?2ri so that we may assume that the forms cOst '■= dtt^o are all nondegenerate. Let 
Pst '■= ^{ggt'^o). Since gst = id for all s near by construction, poi = 0. Similarly, 
Pit = in Bj-^. Further for some constant C2 as above \pst\ < C2||x||. 
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Now, pst '■= dPst, where for each s,t 

Pstix)= pstidr, ■)iXx)dX, xeB2ri, 

Jo 

and dr is the radial vector field in M^'*. Hence /Sot = 0, and (5it = in S^^. Moreover, 
each 1-form f5st{x) satisfies |/3st(x)| < C3||x|p and, because pst has support in int-B2ri, 
is closed and independent of r := ||x|| near 5i?2ri- Therefore, near dB2ri we may write 
l^st = dfst where fst is a function on S^"^^ of norm < C4rf . Therefore we may extend 
Pst by d{a{r)fst) for a suitable cut off function a so that it has support in and 
still satisfies an estimate |/3st(x)| < C5||x|p. 

Now construct hgt-, t G [0, 1], for each fixed s by the usual Moser homotopy method so 
that LOst{-§ihst,-) = /3st.Then hgt satisfies the required conditions. Moreover < 
cellxp. Hence the Hamiltonian Gst that generates gst o hst satisfies 

\Gst\ < C7||a;||^ for ||x|| < 3ri. 

The generating Hamiltonian for (pst '■= (t>t o gst ° hst is 

Hstix) := Htix) + Gsti^T'i^)) = H^i^) + 0(|kf ). 

Since cy is independent of ri, we can now choose ri so small that x = is still the 
global maximum of Hst- (The size of ri will depend on the smallest eigenvalues of the 
matrices Qt and also on the second derivatives of the (f)t, i.e. the cubic term in Hf.) 
This completes Step 1. 

By assumption there is a homotopy of the path {At} := {^it} to a circle action 
{A2t} through positive paths {Ast}te[o,i]- Denote by Qst the corresponding family of 
positive definite matrices. Reparametrize this homotopy with respect to s to stretch it 
out over the interval s G [1, iV] for some large N to be chosen later. Note that 0it = Ait 
on Bri- 

Step 2: There is a sequence rk,k > 2, satisfying < 2rk+i < for all k and a finite 
sequence of homotopies 7^ = {(f)st}, s E [k, k+1], k = 1, . . . , N — 1, of Hamiltonian loops 

with support in Br^ so that: 

• for all k € [1, - 1] (pk+it = ^fc+it on Br,^^^ and (pk+it = Akt on Br,^\.B2rk+i- 

• for each s the Hamiltonian loop (pstit G [0, 1], has fixed maximum at {0}. 

If Tfe and are given, an obvious modification of the procedure described in Step 
1 gives suitable rk+i and ^fc+it provided that the derivative ^Ast,s G [A;, A; + 1], is 
not too large. As before, the idea is first to use the linear homotopy Ast for s G 
[k, /c + 1] to construct a smooth interpolation gst between ^fc+it on -Brfc+i and A^t on 
a neighborhood of dBr^, and then correct using a Moser homotopy. Then \\gst{x) — 
Akt{x)\\ < cllxp, where c depends only on f-^Ast- (Note that c does not depend on 
rk because the linear maps Ast arc invariant under homotheties.) But we can arrange 
that ^Ast is as small as we like by choosing N sufficiently large. In order that the 
resulting loops 4>st have fixed maximum at {0}, the permissible size for c (and hence 
N) will depend on the smallest eigenvalue of the compact family of matrices Qst- 
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Step 2 completes the proof, since the loop 4>' := 4>Nt satisfies the requirements of the 
lemma. □ 

3. Gromov-Witten invariants and blowing up 

We now prove the results on Gromov-Witten invariants needed above, i.e. Propo- 
sitions 2.5 and 2.19 In |15| Theorem 5.15] Hu-Li-Ruan establish a correspondence 
between the relative genus g invariants of the blow up (M, E) and certain correspond- 
ing sets of absolute invariants of M. Proposition |2.5| could be proved using a special 
case of this general correspondence. However, instead of quoting their result we shall 
reprove the parts we need, since we do not need the full force of their results and also 
need some other related results. 

We begin this section with a discussion of relative GW invariants since this will be 
our main tool. For more details see Li-Ruan [231 §4,5] and Hu~Li-Ruan |151 §3], and 
Bourgeois et al. [4|; §10] for relevant compactness results. After stating the decom- 



position formula, we prove Proposition 3.5, a generalization of Proposition 2.5 that 



characterizes uniruled manifolds M in terms of properties of the one point blow up M . 



Finally we prove Proposition 2.19 by using the decomposition formula for section 
classes of the bundle P — > P^. 

3.1. Relative invariants of genus zero. Consider a pair {X, D) where D is a divisor 
in X, i.e. a codimension 2 symplectic submanifold. The relative invariants count con- 
nected J-holomorphic curves in the fc-fold prolongation (defined below) of X. Here 
J is an w-tame almost complex structure on X satisfying certain normalization condi- 
tions along D. In particular D is J-holomorphic, i.e. J{TD) C TD. The invariants 
are defined by first constructing a compact moduli space M := ^ (J) of genus zero 
J-holomorphic curves C in class (3 £ H2{X) as described below and then integrating 
the given constraints over the corresponding virtual cycle M. l^*^'. Here d = (di, . . . , Jr) 
is a partition of J := /3 • -D > 0. 

To a first approximation the moduli space consists of curves in X, i.e. equivalence 
classes C = [S, u, . . . ] of stable maps to X, that intersect the divisor D at r points with 
multiplicities dj. More precisely, each such curve has (fc -|- 1) levels Ci for some fc > 0, 
the principal level Co in X\D and the higher levels Ci (sometimes called bubbles) in 
the C*-bundle L*jj\D where D \s the dual of the normal bundle to D. The 

whole curve C therefore lies in a space X^ called the kl\i prolongation of X, which is 
defined as follows. Identify L*j~,\D with the complement of the sections Dq, D^o of the 
ruled manifold 

TTQ : Q := P(C e L*o) ^ D, 

where the zero section Dq := P(C©{0}) has normal bundle and the infinity section 
Doo '■= ^({O} ® L*j~i) has normal bundle Lo- Think of the initial divisor D C X as the 
infinity section Dqoo at level 0. Then the prolongation Xf^ is simply the disjoint union 
of X with k copies of Q, but it is useful to think that for each i > 1 the zero section 
DiQ of the ith level is identified with the infinity section Dj-ioo of the preceding level. 
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The most important divisor in Xk is D^oo, which carries the relative constraints and 
hence plays the role of the relative divisor. 

For each i > we assume that the ends of the components of the ith level curve Cj 
along the zero section DiQ match with those of Cj_i along Z)j_ioo- The final level Ck 
carries the relative marked points which are mapped to -Dfcoo- Assuming there are no 
absolute marked points, each level of C is an equivalence class of stable maps 

[Sj, Ui,yio, ■ ■ . ,yrioO,yioo, • • • , Uri^oo], 

in some class (3i, where the internal relative marked points yio, . . . , VnoO are mapped to 
DiQ with multipUcities m^o that sum to Pi'DiQ and the marked points ^loo? • • • ? Vvi^oo are 
taken to Djoo with multiplicities jrij^^ that sum to Pi ■ Djoo- Note that the components 
d and Cj+i match along Dioo = -Dj+1,0 only if the multiplicities nij^oo ^-^d mj_,_]^ g agree. 
In symplectic field theory such multilevel curves are called buildings: see [U §7]. 

Each curve C m M might also have some absolute marked points; these could lie on 
any of the levels Cj but must be disjoint from the relative marked points. We require 
further that each component Cj be stable, i.e. have a finite group of automorphisms. 
For Co this has the usual meaning. However, when i > 1 we identify two level i curves 
Ci,C[ if they lie in the same orbit of the fiberwise C* action; i.e. given representing 
maps Ui : (Sj, j) Q and u[ : (S'^, j') — > Q, the curves are identified if there is c G C* 
and a holomorphic map h : (T,'-,j') (preserving all marked points) such that 

Ui oh = c u': Thus L*j^ \D should be thought of as a rubber space. 

Note that although the whole curve is connected, the individual levels need not be 
but should fit together to form a genus zero curve. The homology class (3 of such a 
curve is defined to be the sum of the homology class of its principal component with 
the projections to D of the classes of its higher levels. |^ 

When doing the analysis it is best to think that the domains and targets of the curves 
have cylindrical ends. However, their indices are the same as those of the corresponding 
compactified curves; see }23i Prop 5.3]. Thus the (complex) dimension of the moduli 

space -A^/3/A;,(di,. dr) °^ genus zero curves in class [3 with k absolute marked points and 
r relative ones is 

r 

(3.1) n + cf (/?) + A; + r - 3 - ^(dj - 1) = n + cf (/3) + A: + 2r - 3 - d. 

i=l 

Here /c + r — 3 is the contribution from moving the marked points and we subtract — 1 
at each relative intersection point of multiplicity di since, as far as a dimensional count 
is concerned, what is happened at such a point is that di of the d := (3 ■ D intersection 
points of the /3-curve with D coincide. 

^ Hence a level d cannot consist only of multiply covered curves z m the fibers C* of L'q^D 

because these are not stable. 

^ This is the class of the curve in X obtained by gluing all the levels together. When k — the 
curve only has one level and so the relative constraints lie along D d X. lonel-Parker .16, work with 
the moduli space obtained by closing the space of 1-level curves, which in principle could give slightly 
different invariants from the ones considered here. 
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Example 3.1. Let X = P^^pS^ ^j^^ p^-^^^ ^2 ^^^^ ._ ^j^^ 

exceptional curve. Denote by vr : X ^ the projection, and fix another section H of 
TT that is disjoint from E. Let J be the usual complex structure and M.)^' {J',p) be 
the moduli space of holomorphic lines through some point p G H, where A = [H] is the 
class of a line. Since A • ii^ = there are no relative constraints. Then ' {J;p) has 
complex dimension 1 and should be diffeomorphic to P^. The closure of the ordinary 
moduli space of lines in X though p contains all such lines together with one reducible 
curve consisting of the union of the exceptional divisor E with the fiber 7r~^(7r(p)) 

X E 

through p. But the elements of A^^ ' {J]p) do not contain components in E. Instead, 
this component becomes a higher level curve lying in Q = P(C © 0(1)) that intersects 
Eq = P(C © {0}) in the point Eq n 7r~^(7r(p)) and lies in the class Xq of the line in 
Q = X. Note that modulo the action of C* on Q there is a unique such bubble. 

X E / 

Thus the corresponding two-level curve in A^;^ ' {J',p) is a rigid object. Moreover, 
because Aq projects to the class e G H2{E) of the exceptional divisor, its homology 
class (A — e) + pr{XQ) is (A — e) + e = A. 

The constraints for the relative invariants consist of homology classes bj in the divisor 
D (the relative insertions) together with absolute (possibly descendent) insertions Ti^aj 
where aj £ H^{X) and ij > 0. We shall denote the (connected) relative genus zero 
invariants by: 

(3.2) (ri^ai, . . . .nfy | 61, . . . , ^) 

where e H^{X),hi E i?*(L>), and d := Y.di = ' D > {II f3 ■ D < {) then 
the moduli space is undefined and the corresponding invariants are set equal to zero.) 
This invariant counts isolated connected genus zero curves in class (5 that intersect D 
to order d := {di, . . . ,dr) in the bi, i.e the ith relative marked point intersects D to 
order > 1 at a point on some representing cycle for hi. Moreover, the insertion 
Tj occurring at the jth absolute marked point Zj means that we add the constraint 
{cjY, where Cj is the first Chern class of the cotangent bundle Cj to the domaiiij^ at 
Zj. One can evaluate (3.2) (which in general is a rational number) by integrating an 



appropriate product of Chern classes over the virtual cycle corresponding to the moduli 
space of stable J-holomorphic maps that satisfy the given homological constraints and 
tangency conditions. This cut down virtual cycle has dimension equal to the index of 
the curves C satisfying these incidence conditions; if this dimension does not equal the 
total degree X]j=i descendent classes the invariant is by definition set equal 

to 0. For details on how to construct this virtual cycle see for example Li-Ruan [23] or 
Hu-Li-Ruan |15j. (Also cf. Remark [TTl) 

We shall need the following information about specific genus zero relative invariants. 

Lemma 3.2. Let X = P", and D = P"^i be the hyperplane. Denote by A the class of 
a line. Then: 



Thus, if Zj lies at the mth level, the fiber of Lj at C is T*. (E„ 
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(i) if d > and n > 1 



pn pn — 1 



(ii) (Hu |14| §3] and Gathmann [TJ Lemma 2.2]) Let M be a one point blow up with 
exceptional divisor E and suppose that (3 G H2{M) C H2{M) so that P ■ E = 0. Then 

for any ai G H^{M\E), the relative invariant (ai,...,afc| )o^^ equals the absolute 
invariant (|ai, . . . , 0^)^^. 

(iii) (Hu-Li-Ruan |15| Theorem 6.1]) The 2-point invariant 

(3.3) (^fcP* I ^Oo,d/,(d) ' l<J<n,d>l, 

is nonzero iff k = nd — j. 

Proof, (i) holds for dimensional reasons. We shall show that under the given conditions 
on n and d it is impossible to choose d and the bi so that Mi^x 'd formal dimension 

0. Therefore the invariant vanishes by definition. 



By equation (3.1 ) the formal (complex) dimension of the moduli space of genus zero 
stable maps through the relative constraints 6i, . . . , 6^ is 

n + d{n + l)+r — 3 — {d — r) + 5 — rn, 

where 6 is half the sum of the degrees of the bi. Thus < 6 < rn. Since d — r >0 and 
r > 0, we therefore need {d — r)n + n + 2r + 5 = 3, which implies d = r and n = r = 1. 
Since we assumed n > 1, this is impossible. 

Hu's proof of (ii) uses the decomposition formula stated below. (His proof can be 
reconstructed by arguing as in the proof of Proposition |3.5[ ) The proof by Gathmann 
is more elementary but applies only in the case of projective algebraic manifolds. Claim 
(iii) is much deeper. It is proved by Hu-Li-Ruan using localization techniques. □ 

3.2. Applications of the decomposition formula. Our main tool is the decom- 
position rule of Li-Ruan ^23, Thm 5.7] and (in a slightly different version) of lonel- 
Parker [16]. So suppose that the manifold M is the fiber sum of {X,D) with (y, Z)+), 
where the divisors D := D~ and are symplectomorphic with dual normal bundles. 
Since this is the only case we shall need, let us assume that the absolute constraints can 
be represented by cycles in M that do not intersect the inverse image of the divisor, i.e. 
that G H^.(X\D),i < q, and Oj G H^:(Y\D^),q < i < p. For simplicity we assume 
also that the map H2{M) — > H2{X U£,Y) is injective. (This hypothesis is satisfied 
whenever Hi{D) = 0.) Further, let bi,i G I, be a basis for H^{D) = H^,{D;Q) with 
dual basis b^ for H^{D). Then the genus zero decomposition formula has the following 
shape: 

(3.4) (ai,...,ap)^ = 

nr,d{ai, • • • ,aq | Oj^, . . ■,K)j3^^d • • • | b^^,. . • ,OjJ^^^^ 

r,d,{ii,...,ir) 
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Here we sum with rational weights nr,d over ah decompositions d of d, all possible 
connected labelled trees F, and all possible sets ii,. . . ,ir of relative constraints. Each 
r describes a possible combinatorial structure for a stable map that glues to give a 
/3-curve. Thus T is a disjoint union Ti U where the graph Ti (resp. describes 
the part of the curve lying in some Xf^ (resp. some Y^). Also f3i (resp. (32) is the 
part of its label that describes the homology class; the pair (/3i,/?2) runs through all 
decompositions such that the result of gluing the two curves in the prolongations 
and Yfcj along their intersections with the relative divisors gives a curve in class (3. 
Moreover, there is a bijection between the labels {{di,bi) £ N x H^:{D)} of the relative 
constraints in Ti and those {(di,b*) G N x H^..{D^)} in (These labels are called 

relative "tails" in [15].) Tj need not be connected; if it is not, we define ( . . . | . . . to 



be the product of the invariants defined by its connected components. 

Because the total curve has genus zero, each component of Ti has at most one relative 
tail in common with each component of r2. In many cases we will be able to show that 
Fi is connected, and hence that r2 has r components, one for each relative constraint. 

Most of the next result is known: part (i) follows from Theorem 1.2 in Hu [14|, while 
part (ii) is very close to \15\ Theorem 6.1]. 

Lemma 3.3. Let (M,uj) be the one point blow up of {M,uj) with exceptional divisor 
E. 

(i) If (Af , to) is strongly uniruled, then (M, 5) is also. 

(ii) // (ai,a2,pt)*^ / for some e H^{M) = H^{M\E) and some (3 G H2{M) C 
H2{M) then {M^oj) is strongly uniruled. 

Proof. Consider (i). By hypothesis there is a nonzero invariant (^ai, a2,pt')^ . Think 

of M as the fiber sum of {M,E) with (P",P"~^) and evaluate this invariant by the 
decomposition formula, putting all constraints into M\E. It follows that there is a 
nonzero relative invariant 

{aua2,pt\E^\...,E^^)~'^^^ 

with s > that is paired with a nonzero invariant , . . . , i?""-^'^ ' 

Note that (3 = P — ie, where i = Yl^i- Since there are no absolute constraints in P", 
Lemma |3.2| (i) implies that s = i = and r2 = 0. But then Lemma 3.2 (ii) states that 

the above relative invariant equals the absolute invariant (^ai, 02, pt)^^. This proves (i). 

(ii) (ai,a2,pt)*^ = {ai,a2,pt\)g^'^ / 0. Now 



Now consider (ii). By Lemma 



3.2 



'13 X-n"-^)/"- I //3 

use the decomposition formula to evaluate (^ai, 02, pt)^ , again putting all the absolute 

constraints in M\E. Because there are no absolute constraints in (P", P"~^), it follows 
as before that there are no terms in this formula with r2 7^ 0. Hence 

{ai,a2,ptYp = {ai,a2,pt \ )*'^ / 
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as required. □ 

Remark 3.4. The proof of P roposition 3.5 given below can be adapted to show that 
the statement in Lemma 



3.3 



(ii) holds also in the case (3 ■ E = 1. However, it is not 
clear whether it continues to hold when f3 ■ E > 1. It is also not known whether the 
strongly uniruled property persists under blow ups along arbitrary submanifolds. 

We now prove the following version of Proposition |2.5[ 

Proposition 3.5. // there is a nonzero invariant 

(3.5) {ai,...,ap,E^\...,E^^)^\ 

with tti e H^,{M\E) = H^{M), q>l and P ■ E > then {M,uj) is uniruled. 



We prove this by the method of Hu-Li-Ruan [T5j. Thus we first think of M as 
the fiber (or Gompf) sum of {M,E) with {X,E+), where X := F{0{-1) © C) is 
the projectivized normal bundle to E = P"-i and E+ = F{0{-1) © {0}) = P"~i is 
the section with positive normal bundle. Using this decomposition, we show that the 



existence of the nonzero absolute invariant (3.5) implies the existence of a nontrivial 



relative invariant (3.7) for the pair {M,E). Next we identify the blow down M as the 



fiber sum of (M, E) with the pair (P"', P" ^) and deduce from the nontriviality of (3.7) 
the nontriviality of a suitable absolute invariant for M. 

In the following we denote by e G H2{M) the class of the line in the exceptional 
divisor E, and write the class (3 £ H2{M) as (5 — de, where d := (3 ■ E and (5 € 
H2{M\E) = H2{M). The homology of the exceptional divisor E = P"~i is generated 
by the hyperplane class in H2n-i{E). As a homology class we identify E with the class 
in H2n-2{M) it represents. Hence the generator of H2n-i{E) is i?^, and e = E^~^. The 
relative constraints for {M,E) have the form E^ ,j = 1, . . . ,n. With our conventions 
(which are different from [151) the constraint in E dual to E^ is —E'^~^~^^, i.e. 

(3.6) E^ -E (-^"-^+1) = pt. 



Lemma 3.6. If there is a nonzero absolute invariant of the form (3.5) for a given 



p > and > 1 then there is a nonzero (connected) relative invariant of the form 
(3.7) («;,.. .,a:„|i?^S...,i?*'->^:^^_(,^^^_,^), i,>l, j;^, = £>o, 
where < m < p, (3' G H2{M) and ai E H^{M). 

Proof. Decompose M as the fiber sum of M with the ruled manifold (X, E~^) as above. 
Apply the decomposition formula to evaluate the nonzero invariant 

(ai,...,ap,i?^\...,i?^''>|' 

putting all the ai,...,ap insertions into M\E and the insertions E^^ , . . . , E^'' into 
X\E^. Because /3 ^ H2{E), each term in the decomposition formula must correspond 
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to a splitting fi = [3' + a where 7^ /?' G H2{M). Hence there is a nonzero relative 
invariant for (M, E) in some class /3' 7^ that goes through all the constraints ai, . . . , Op. 
It counts curves modelled on the possibly disconnected graph Ti and hence is a product 



of connected invariants, each of which has the form (3.7) for some subset of ai, . . . , Op. 
Note that each such connected invariant has nonempty intersection with E because the 
initial /3-curve in M is connected and g > 1. □ 



Lemma 3.7. If there is a nonzero relative invariant for (M, E) of the form (S.D for 
some m >0 and r > 1 then there is a nonzero absolute invariant on M 

(ai, . . .,at,Tk^pt, . . .,Tk,pt)^ 

for some f3 ^ 0, t < m, 1 < s < r, kj > and ai E H^:(M). 

Proof. Choose a class f3 of minimal energy uj{f3) such that the re is a nonzero connected 



relative invariant in some class /3 := f3 — £e,£ > 0, of the form (3.7) with t < m absolute 



constraints. Denote by s the smallest r > such that there is a nonzero invariant 



(3.7) with m = t, this class /3, and r relative constraints. Denote the corresponding 



relative constraints by E^ Ji+i^ . . . is+i equation (3.6)) and the multiplicities 
by I = (^1, • • • , £s)- Note that =£>0. In particular s > 0. 

Decompose M into the fiber sum of M with y = by identifying E C M with the 
hyperplane E'^ = in Y. Apply the decomposition formula to evaluate 

(3.8) (ai, . . . , at, n^pt, Tk^pt)^^' , ki := n£i - ji, 



putting all the point insertions into Y and the others into M\E. We claim that (3.8) 
is nonzero. 



Note first that by Lemma |3.2[iii) there is a nonzero term T in this decomposition 



formula given by taking the product of the nonzero relative invariant (3.7) with s terms 
of the form {r^^pt \ E^/^ xf^i-'^ ■ We need to check that all other terms in this formula 
vanish. 

Consider an arbitrary nonzero term T' in this formula. It is a product of a relative 
invariant for (M, E) modelled on a graph Li and in some class f3' — de with a relative 
invariant for (P",P"~^) in class d\. Since the classes (3' — de and d\ combine to give 
(3' , we must have (3' = (3. The minimality of u){f3) implies that Ti is connected, since 
otherwise each of its components is in a class Pi — di£ with < uj{Pi) < uj{f3). 



Now look at the other side. By Lemma 3.2 (i) each connected relative invariant in 
(P",P"-i) must go through some absolute constraint. Hence r2 has at most s compo- 
nents. But it cannot have fewer than s components, because if it did Li would have 
fewer than s relative constraints (since the genus zero requirement means that Li meets 
each component of r2 at most once), which contradicts the minimality of s. Therefore 
there are s components of r2 and each goes through precisely one absolute constraint. 

Thus each component is a nonzero 2-point invariant of the form yk-pt \ E^/^^j for 
some i, d and 1 < j < n. But ki has a unique decomposition of the form n£i — ji where 
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1 < < n. Hence, by Lemma 3.2 (iii) the relative constraints in r2 are precisely the 



E^\i = 1 . . . , s, with intersection multiplicities i. Thus T' = T. □ 



Proof of Proposition 3.5[ By Lemma [3. 7| it suffices to show that M is uniruled iff an 



invariant of the form (^Tj^ai, . . . , Tjj,_-^afc-i, Tj^pt)^^ is nonzero. Hu-Li~Ruan The- 



/3 



orem 4.9] prove this by an inductive argument (similar to the proof of Proposition 4.4 



below) that is based on the identity (3.9). □ 



3.3. Blowing down section invariants. It remains to prove Proposition |2.19 We 



begin with a general remark about the invariants of pairs of spaces {X, D) that are 
fibered over with fiber {F,Dp). It concerns invariants in the class f3 G H2{F) of a 
fiber. Denote by t : H^,{F) H^{X) the map induced by inclusion. 

Lemma 3.8. Let vr : X — > P-*^ he a Hamiltonian fibration with fiber F that induces a 
fibration Fd D ^ on the divisor D. If ai := i(ai) is a fiber class and (3 G H2{F) 
then 

(i(ai),... \ bi,...)^'^^ = (ai,a2nF, ... | 6i n L>f, • • • )^|^ 
Similarly, if bi := i(6i) is a fiber class then 

(ai, . . . I L{bi), . . . >J;f = (ai n F, . . . I 6i, 62 n Z)^, . . . 

In particular, any invariant with two fiber insertions must vanish. Corresponding re- 
sults hold for absolute invariants. 

Proof. This holds because one can define Ad in such a way that each of its elements 
represents a curve lying in some fiber of vr. Therefore, if we represent the class ai by 
a cycle lying in the fiber Fz := 7r~^(z) all the curves that contribute to the invariant 
lie entirely in this fiber and hence must intersect the other cycles in representatives 
for Oj n F, bj n F. The details of the proof in the absolute case are spelled out in [271 
Prop 1.2(ii)]. The relative case is similar. □ 

We saw earlier that P is the blow up of P along a section 

•^max ill -Pmax ^ If • Similarly, 

P' is the blow up of P' along the corresponding section s^;^ in -F^iin ^ Note that 
s'^i^ has normal bundle 0(1) © C^~^, where 0{m) — > P"*^ denotes the holomorphic line 
bundle of Chern class m. We denote by D the exceptional divisor in P'. Thus it is a 
P"-i-bundle 

ttd:D:= P(0(1) © C^^^) ^ P^ 

Consider the section sd ■= P({0}©- • •©{0}©C) of ^ P^ It lies with trivial normal 
bundle in the product divisor V := P({0} ©C"-^) = sz? x P"-^ ^^^^ ci{sd) = 3. The 
exceptional divisor E of M can be identified with ir^ipt). The line £ \n E intersects 
V once. Therefore classes sd — mne with m > 1 have no holomorphic representatives 
in D since they have negative intersection with V and cannot be represented in V 
itself. On the other hand the section class sz '■= sd — £ has the unique representative 
P(O(l)©{0}©---©{0}). 
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The proof of Proposition 2.19 has two steps: we need to show that the absolute 
invariant in P' equals a suitable relative invariant for (P', D), and then look at the blow 
down correspondence. The first of these steps turns out to be the hardest, requiring 
a detailed study of the the invariants of the ruled manifold iY,D~^). Here Y is the 
projectivization P(L © C) of the normal bundle to D d P' and := P(L © {0}) 



as above; see Fig. 3.1 Thus {Y,D^) fibers over with fiber {X,E^) equal to the 
pair consisting of the 1-point blow up of P" and hyperplane class E'^, and there is a 
commutative diagram 



pi _ 




^ E 


i 


i 


i 


pi _ 




% D 




T^Y [ 






ml 


= Pl 



We denote by Dq the divisor P({0} © C) in y that is disjoint from D^, and by sdq the 
section in Dq corresponding to s^i. Since Dq has the same normal bundle as D G P' , 
ci(sdo) = 3. Also -Do can be identified with the exceptional divisor E in M. Thus 
ci (Ax ) = n — 1 where Ax is the class of a line in X n Dq . Note that H2 (Y) is generated 
by sdq, Ax and /. Moreover py{sdq — Ax) = sz- Thus we write szq '■= sdq ~ Ax- 




Figure 3.1. Diagram (I) is a 31? picture of the moment polytope of 
the toric manifold D, while (II) is a 3D picture of that for Y with D 
reduced to 2-dimensions 



The next lemma contains some preliminary calculations. Here, and subsequently, we 
choose the relative constraints 6| from the elements of the following self-dual basis for 

D' G i/2(n+i-.)(^), l<i<n, E^ e H2^n^j){D), 1 < j < n. 



30 



DUSA MCDUFF 



As always denotes the image in D of the class in M represented by the j-fold 
intersection of E with itself in M. Thus the E^ are fiber constraints for the projection 
TT/) : D — > P^, while the are nonfiber constraints. Also D'^-E^ = unless i+j = n+1. 

Lemma 3.9. (i) If m < —2, all invariants of (Y, D^) in the classes sdq + rnXx + df 
vanish. They also vanish in the classes mXx + df with m < —1. 

(ii) Let j = 1 or 2. Then (E^\b*^, K)^''^\„ , , . = for all d such that < d< 
m + 1. 

(Hi) Let d > and 1 < j < 2. // {E^\bl, . . . ^K)^f^rnXx d ^ ^"^ " nonfiber 

constraint for all i. Moreover if n > 3 and r = 1 then m = and d = 1. The same 
holds if n = 2 and j = r = 1. 

(iv) If |6^, . . . , K)^f+mXx (d) 7^ ^ f'^^ some m > and 1 < r < 2 then m < d. 

Proof, (i) Since py '■ Y ^ D is holomorphic every class with nonzero GW invariants 
in Y must map to a class with a holomorphic representative in D. Hence their image 
must have nonnegative intersection with the divisor V containing sd- Since sd - V = 1 
and £ ■ V = —1 the result follows. 

Now consider (ii). A dimensional calculation shows that when m+1 > d the invariant 
(ii) can be nonzero only if m = — 1, j = 2 and d = r = 0. Hence it remains to consider 

the invariant (E'^\ S^'^ , where szq '■= — Xx- Although this could be nonzero as 

far as dimensions are concerned, the geometry shows that it must be zero. To see this, 
consider the holomorphic fibration vry : y — > P^. Since the normal bundle to sz in 
D is a sum of copies of 0{—l), there is a unique curve in D in class sz- Since any 
holomorphic curve in Y in class szq pro ject s to an sz curve in D, the szq curves in 
Y lie in the surface Py^isz)', cf. Figure [sj] where this surface is crosshatched. This 
surface has 2-dimensions, while the constraint E'^ has codimension 3 in Y. (Remember 
that E is the exceptional divisor in M and E'^ denotes its intersection in M.) Hence 
there is a cycle in Y representing E'^ that does not meet any szg curves. This proves 
(ii). 

In case (iii) we are counting curves in a fiber class of the holomorphic projection 
TTy : y — > P^. Since E^ is a fiber constraint, the first claim is an immediate consequence 



of Lemma |3.8[ To prove the second, note that by Lemma 3.8 the invariant reduces to 
one in {X,E~^). A count of dimensions shows that m = 0. But then / is a fiber class 
for the projection px so that the invariant is nonzero only if px{b) H px{E^) 7^ 0. A 
further dimension count now implies that d = 1 (or one can use the fact that one is 
counting d-fold covered spheres in P^ with 2 homological constraints). The proof of the 
third claim is similar. 

Consider (iv). Since the fibers X of the bundle y ^ P^ can all be identified (as 
Kahler manifolds) with the 1-point blow up of P" (with X n the hyperplane class), 
this invariant can be nonzero only if one of the relative constraints, say b\ is a fiber 
constraint while the others are not. Therefore 5h> r — 1. Now count dimensions. □ 
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Lemma 3.10. Suppose that {M,uj) is not uniruled and that n > 3. Then 



Proof. As in the proof of Lemma 3.6 decompose P' as the connected sum of {P',D) 
with the ruled manifold (y, Z)+) considered above. Consider a typical term in the 

decomposition formula for where we put the constraint E'^ in Dq C Y: 

where ai £ H2{P') and 02 G H2{Dq). (Note that the intersections on each side of D 
match because ai • = for all ai S H2{P').) There is one term in this formula with 

ai = £7, £ = r = 1 and bi = E"^. The first factor is then \E'^ while the second is 

/ 9 1 —^\y 

l^E \D^~ I J = 1. Hence we must see that all other terms vanish. 

The argument has several steps. Throughout the following discussion the words 
fiber / section class and fiber /nonfiber constraint apply to the fibration tt over P^. More- 
over a component of Ti or r2 is called a fiber component if it represents a class in the 
homology H2{M) of the fiber. 

(a) No component of Ti can lie in a fiber class (i and go through a fiber constraint h. 



For if there were such a component, Lemma 3.8 would imply that the corresponding 



invariant ( |6, 62, • • • )^'-^ equals the fiber invariant ( |6, 62 n M, . . . )^'^ ^ and so (M, uj) 
would be uniruled by Lemma |3.7[ 



(b) Every fiber component ofT2 has r < 2; moreover a fiber component through E^ has 
r = 1. If a component of r2 has two nonfiber relative constraints, say 6^, ^2' then the 
genus zero restriction implies that at least one of the dual fiber constraints 61 , 62 must 
lie in a fiber component of Li (since Li has at most one section component.) But this 
contradicts Step (a). Thus the second claim holds by the first part of Lemma |3.9[iii). 



while the first claim holds by Lemma 3.8 which says that only one of the relative 



constraints for each component can be a fiber class. 

(c) If T2 is a section class, its section component must go through the absolute con- 



straint. For otherwise r2 contains an invariant of the type considered in Lemma 3.9 
(iii) whose relative constraint is dual to a fiber constraint. Hence Fi would have to 
contain a fiber component with a fiber constraint, contradicting (a). 

(d) F2 cannot be a section class. If F2 is a section class then by (c) the fiber components 
in F2 have no absolute constraints. Hence by Lemma |3.9[ i) and (iv) (which applies by 
(b)) the fiber classes have the form dif + niiXx with < mj < dj. Suppose the section 
class is sdq + dof + mo Ax- Then these classes in F2 combine with ai — de to make 
a — e where a G H2{P'). But Ax projects to the class e in D. Hence 

-d + '^rui = ^(mj - di) = -1. 

t>0 i>0 
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We saw above that rm — di < —1 for all « > 0. Therefore either r2 is connected and 
mo — do = —1 or rno — do > 0. Neither of these cases occur by Lemma [3^ ii) . 
(e) Completion of the proof. As in step (d) d = Y^di and Y2i>oi''^i ~ ^i) = —1- The 
component of r2 through E'^ has r = 1 by (b) and hence niQ = and do = 1 by 
Lemma |3.9[ iii). Moreover all other components of T2 have > by Lemma |3.9[ i) 
and hence mj < di by Lemma |3.9[ iv). Therefore r2 is connected and lies in class /. 
Hence Ti is also connected and lies in class a — e. Therefore this is the term already 
considered. □ 

We now relate the relative invariant in P' to an absolute invariant in P' . To this 
end, consider the P"-bundle W := F{0{1) C""^ C) ^ It contains a copy 
D+ := P(C'(1) e C"-^ e {0}) of D with normal bundle L}) (where as usual Ld is the 
normal bundle of D), and a disjoint section sw '■= ^{{0} © {0} ® C). This can be 
identified with sd and so ci{sw) = 3. We also denote by A the line in the fiber of 
W F\ 

Lemma 3.11. Let n >2. Then: 
(t) {npt\bl, 6;>!^+l,, = for all b* G H4D+). 

W,D- 
d\,d 

(Hi) lfd>0,{\bl,..., b;)2^^ ' = Ofor all b*. 

Proof, (i) Since ci{sw) = 3 and ci(A) = n + 1 this invariant is nonzero only if 

n + 1 + 3 + d(n + 1) + r + 1 - 3 + (5f, - 1 - (d - r) = (r + l)(n + 1), 

which reduces to (d — r)n + 5b + r = 0. Hence it cannot hold when d > r > 1. 

In case (ii) the dimensional condition is the same except that LHS is reduced by 
3 = ci{sw)- If d > r then we need n = 2,r = l,d = 2 and 5b = 0. But then the 



(ii) (ript|6p . . . , b*)^^^"^ / only if d = r = 1 and b^ is a multiple of {D^)^~^ 



invariant has two point constraints and hence vanishes by Lemma 3.8 it counts curves 
in a fiber class through points that could lie in different fibers. If d = r, we need 
5b + r = 3. Ifr>l then at least one of the b* is a point constraint, and the invariant 
vanishes as before. Hence we must have r = 1, 5b = 2. Since b cannot be a fiber clas s, it 

pn pn — 1 



reduces to (^Tipt\br\ Fj ' which is nonzero when b = {D~^)^~ by Lemma 3.2 'iii). 
Claim (iii) holds by a dimension count (or by Lemma |3.2[i)). 



□ 

Corollary 3.12. Suppose that {M,lo) is not uniruled and that n >2. Then there is 
c 7^ such that (ript)^ = c( 



e 

P' 



Proof. Identify P' with the fiber sum of {P' , D) with (W, D'^) and calculate (ript 
using the decomposition formula, putting the point into W\D'. A typical term in the 



decomposition formula (3.4) has the form 

where 02 = or sw, and A is the class of a line in the fiber of W. 
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We saw in Lemma |3.11| that in a nonzero term 02 = 0. Further each nonzero 
component of r2 must have an absolute constraint and d = r = 1 . Hence there is only 
one such component and it has h\ = (1)+)""-'^. Hence 61 = E"^ and Ti must consist of 

the single component ( Hence there is only one term in the decomposition 

formula. The result follows. □ 



Proof of Proposition 2.19K i). 

This follows immediately from Corollary |3.12| and Lemma 3.10 



□ 



We now turn to the proof Proposition 2.19[ ii) which concerns the case n = 2. 



Lemma 3.13. Let n = 2. If (E) 



(7-2e 



/ then ( \E,D 



P'D 



-2e,(l,l) 

, -P' 



Proof. As before, we calculate the nonzero invariant {Ey^_^^ by considering P' as a 
connected sum of (P', D) with (y, D^), putting E into Y . Steps (a), (b) and (c) of the 



proof of Lemma 3.10 go through as before. So consider (d) and suppose that r2 is a 



section class. The homology class count is now 

^(m, - di) = 



i>0 



By Lemma 3.9 (i), uiq > — 1 and rrii > 0. Therefore by Lemma 3.9 (ii) mo — do < —I 



and by Lemma |3.9| (iv) rrii — di < —1 for i > 0. Therefore r2 must be connected and 
iTT-o — do = —2. Since do >0 this gives mo < —2, which is impossible. 

Since rrii — di < —1 for fiber constraints, this argument also shows that r2 has at most 
two fiber components. One of these goes through the E constraint and has m = 0,d = 1 
by Lemma 3.9 (iii). Hence there is exactly one other that has < m' = d' — 1 and 



r < 2. Since this is a fiber invariant it reduces to an invariant in {X, E^) of the form 



\ \ai, ...,( 

Since n = 2, this is possible only if d' 
class /, and the r2 factor must be 



\X,E+ 



f+{d'-l)Xx,d" 

1. Hence both components of r2 lie in the 



{E\D 



'f 



Y,D+ 



Hence ( \E,D)^ 



P'D 



"2e,{l,l) 



^0. 



Proof of Proposition 2.19K ii). 

Blow down D by summing with [W, D~^) as in Corollary 



3.12 



□ 



Consider the resulting 



decomposition formula for (pt, spv)^ where the absolute constraints are put into W. 
(a) There is no term in this formula with Ti = 0. In such a term a would be a section 
class in W with C]^((t) = 3. Since the only section classes are sw + mA and Cj^(A) = 3, 
we must have a = sw- But the only holomorphic representatives of sw that meet the 
product divisor Z = P({0} © C^) = sw x are parallel copies of sw lying entirely in 
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Z. Hence one can place the constraints s-w in Z in such a way that no holomorphic 
svi^-curve meets them both. 

(b) r2 cannot be a section class. For if so, by (a), there would have to be a nonzero 
invariant 

{ai,...,am\bl...,b;)Yf_^^ax,d^ d>0, 

where < m < 2 and the Oj form a subset of {pt, sw}- This is impossible for dimen- 
sional reasons. 

(c) r2 has at most 2 components. Each has d = r = 1. By (b) each component in r2 lies 
in some class df. Even if one puts all the constraints into one component, a dimension 

count shows that the invariant (^pt, sw\bi, . . . ,br)^^^ is nonzero only if d = 1. It 
follows that d = 1 in all cases. Thus we are counting lines, and so each component 
must have two constraints and hence since r = 1 each must have an absolute constraint. 



Therefore the only possibilities for r2 are: one component of type 

{pt, sw\D)^'^^^ = {pt,pt\E+)'['^^^y 



or the two terms in the product 



The corresponding Ti terms are 



(|,Cf, and (lAi^)"'" 



We saw in Lemma 3.13 that the second of these terms is nonzero. Therefore, if the 
first term vanishes, \pt, svk) 7^ 0. However, if the first term does not vanish, we may 



apply Corollary 3.12 to conclude that (jxpt^ ^ ^ 0. This completes the proof. □ 



3.4. Identities for descendent classes. To complete the proof of Theorem |1.1| we 



must establish Lemma 2.21 Its proof is based on some identities for genus zero 
Gromov-Witten invariants that we now explain. We shall denote by V'i the first Chern 
class of the cotangent bundle to the domain of a stable map at the ith marked point, 
and by W/3 the configuration space of all (not necessarily holomorphic) stable maps 
in class (3. If i ^ j consider the subset D^ p^ | ^^^^ of consisting of all stable maps 
with at least two components, one in class f3i containing Zi and the other in class 
P2 '■= (3 — /3i containing Zj. Further, if k are all distinct consider the subset D^yj^ 
of VV/3 consisting of all stable maps with at least two components, one in some class f3i 
containing Zi and the other in class (3 — Pi containing zj, z^. The virtual moduli cycle 
^^mr] j^^^ ^ natural map to that may be chosen to be transverse to the above 
subsets. These therefore puUback to real codimension 2 sub(branched) manifolds in 
Jvi^p'^'^^ which we denote by the same names. 
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In |22| Thm 1], Lee-Pandharipande prove the fohowing identities in the algebraic 
case: 



(3.9) 
(3.10) 



ev*{L) 



D. 



i\jk 

ev*{L) + {P-L)i;j 



I3i+I32=l3 



where the two sides are considered as elements of an appropriate Picard group and 
L G H2n-2iM;7j) = H'^{M) is any divisor. We might try to think of these equations 

as identities in the second cohomology group of However, A^J"**"' is not really 



a space in its own right since it is only well defined up to certain kinds of cobordism. 
Hence it does not have a well defined H^. Therefore we shall interpret these equations 



as identities for Gromov-Witten invariants. For example, (3.9 1 states that for all /c > 3 



ah ii > 0, ij > and aU classes (3 G H2{M),ai £ H^{M), 



M 



, M 



Here the sum is over the elements of a basis of H^:{M) (with dual basis ^*), all de- 
compositions /?! + = /3 of /?, and all distributions S of the constraints Ti^a^, . . . , Ti^ak 
over the two factors, subject only to the restriction that if /3i = then the first factor 
must include at least one of the Ti^ae,i > 4, so that it is stable. The second identity 



has a simila r int erpretation; cf. Lemma 3.14 



Identity (3.9) is proved for the space of genus zero stable curves A4o k by Getzler 



at the beginning of §4 in [8^ It holds for stable maps because the descendent class ipi 
differs from the pullback of the corresponding class on A4o,fc precisely by the boundary 
class consisting of the elements in such that the component containing the 



ith. marked point is unstable. Note that the proof of Proposition 3.5 and hence of 
Theorem |1.1| requires the full strength of this identity. 

Lee-Pandharipande 's proof of (3.10) in [22, §1.1] adapts readily to the symplectic 
case provided that one has a good framework to work in: one needs a model for the 
virtual cycle Adj^^^'^ in which the elements in H2{A4j^^^^) have "nice" representatives. 
One could work with ad hoc methods as in [27| and interpret the idea of transversality 
using the normal cones to the strata of the moduli space provided by the gluing data, 
but it is cleaner to work in the category of polyfolds newly introduced by Hofer- 
Wysocki-Zehnder since this provides the moduli spaces with a smooth structure. Note 
that because one needs to use multivalued perturbations the moduli spaces are in 
general branched. (Here one can work with various essentially equivalent definitions, 
see [281 Def 3.2] and US Def 1.3].) 

To prove Theorem |1.1| we only need the very special case of this identity relevant to 
Lemma 2.21, We will sketch the proof in this case to give the general idea. Note that 
here i = 1, j = 2 and the term ev2{L) does not contribute since L D pt = 0. When we 



prove Lemma 2.21 we will explain how to construct the moduli space B in this context; 
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since we are working in a fibered 6 dimensional manifold, it is not hard to obtain it by 
ad hoc methods. 

Lemma 3.14. Given a class a € H2{M) and a divisor H G H2n-2{M) , denote by 

B := }a]^2\p^) the virtual moduli space of stable maps in class a with two marked 
points, one through a fixed point xq €z M and the other through a cycle representing H. 
Suppose that B can be constructed as a smooth branched manifold of real dimension 2 
that is transverse to the strata in W. Then, for any divisor L G H2n-2iM) 

j, ai+a2=cr 

Proof. For present purposes we may think of a branched 2-dimensional manifold as 
the realization of a rational singular 2-cycle formed by taking the union of a finite 
number of (positively) rationally weighted oriented 2-simplexes (Aj,Aj), where Aj G 
Q^", appropriately identified along their boundaries. (This might have singularities 
at the vertices, but since these are codimension 2 this does not matter. See |28| [T3] 
for a more complete description.) Since B is transverse to the strata in W/j, there is 
a finite set Sing^ of points in B corresponding to stable maps whose domain has two 
components, and the other points have domain 5^. We assume that each b G Sing^ 
lies in the interior of a 2-simplex and therefore has a weight A;,. 

Let TT : C ^ B he the universal curve formed by the domains with evaluation map 
f : C ^ M. The marked points define two disjoint sections si, S2 of C ^ B, numbered 
so that / o si(5) G -ff, / o S2{b) = xq. We may assume that these sections are transverse 
to the puUback divisor (codimension 2 cycle) f*L. Note that C is the blow up of an 
oriented S^-bundle P — > i? at a finite number of points, one in each fiber over Sing^. 
For each such b we choose the exceptional sphere E^, to be the component that does 
not contain S2{b). Since the marked points never lie at nodal points of the domain, the 
sections si, S2 blow down to disjoint sections s[, s'2 of the bundle P ^ B. Hence P 
can be considered as the projectivization ¥(V © C) where V ^ B is a line bundle and 
s[ = F{V © 0), S2 = IP(0 © C). Note also that S2 = §2 while si is the blow up of over 
those points b G Sing^ for which siCi Eh ^ 0. For such b G Sing^ set Si{b) := A;,, and 
otherwise set 5i{b) := 0. 

If B were a manifold then, as in the proof of Theorem 1 in [22, §1.1], we would have 

{H,Tipt)^ = -S2 ■ S2 = - Cl{V). 

Jb 

In our situation we must take the weights on B into account: each point y in the inter- 
section S2 ■ S2 should be given the (positive) weight A(-7r(y)) G Q of the corresponding 
point 7r(y) G -B as well as the sign o(y) G {±1} of the intersection. Thus we find 
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We want to calculate 



/ ev*(L)-ev*(L) 

JB 

ni) - [ ni) 
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Yl o{y)A{Tr{y)) - ^ o{y)A{Tr{y)). 

This can be done just as in [22 . The divisor f*{L) intersects a generic fiber F oiC ^ B 
with multiplicity u-L, and intersects the exceptional divisor Ei, with multiplicity ai(6) • 
L, where ai{b) = [U{Eb)]. Since H2{C- Q) splits as the sum H2{P] Q)®T.b&ings^Eh\Q, 
we may consider the difference [si] — [32] € H2{C;Q) as the sum of [s'l] — [82] with 
-EteSing^ Siib)[Eb]. But [s[] - [s'2] = k[F] where k := - JsCi{V)F and [F] denotes 
the fiber class of P ^ B. It follows that 

r(L)- / r(L) = -{a-L) [ ci{V)- J2 Si{bMb)-L 

Js2 JB 



01+02=0" 



(c7-L)(^,ript)f - ^ (ai-L)iV„„ 



where Nai,a2 = {-^^^ ^j) aji^h^^) 02 number of two-component curves, one in 

class ai through H and the other in class 02 through the point xq. This completes the 
proof. □ 



Proof of Lemma 2.21 If a symplectic 4-manifold (M, w) is not the blow up of a ra- 
tional or ruled manifold then it has a unique maximal collection {ei, . . . , e^} of disjoint 
exceptional classes (i.e. classes that may be represented by symplectically embedded 
spheres of self-intersection —1). If we blow these down, the resulting manifold (M, tZJ) 
(called the minimal reduction of {M,uj)) has trivial genus zero Gromov-Witten invari- 

ants. We show that for these M it is impossible for an invariant of the type (^pt,s)^ 

to be nonzero. 

Since {M,lo) is not strongly uniruled, it follows from Remark 2.10 that (j)t,a^^ = 



for all a G H2{M). Therefore (j)t,s^^ is the same for all section classes s. Choose 
classes hi, /12 G H'^{M;'L) with hih2 7^ 0. Pull them back to M and then extend them 
to H'^{P;Q) (which is possible by [27^ Thm 1.1] for example.) Multiplying them by a 
suitable constant we get integral classes /ii, /12 £ H^{P; Z) with Poincare duals Hi, H2. 
By construction sq := H1H2 is a section class and Hj -ej = for all exceptional divisors 
Ei in M. 

We now claim that we can apply Lemma 3.14 to evaluate the nonzero invariant 
(^HiH2,pt)^. For this, it suffices to show that the space of (regularized) stable maps 
in class a and through the point xq can be constructed as a branched 2-manifold B' . 
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To this end, consider an 0,-tame almost complex structure Jp on (P, 0,) for which 
the projection vr : (P, Jp) {S^,j) is holomorphic. Then Jp restricts on each fiber 
■= 7r~i(z) to an w-tame almost complex structure on M. Every Jp-holomorphic 
stable map in class a consists of a holomorphic section plus some fiberwise bubbles. 
Since the family of such stable maps through some fixed point xq has real dimension 
2, we can assume that each such bubble is a /c-fold cover of an embedded regular curve 
in some class /? with ci(/3) > and uj{k(3) < k = ^{cr), and that the sections through 
xq with energy < n are regular and so lie in classes with 2 < ci{a') < 3. For any Jp, 
each exceptional class Si is represented by a unique embedded sphere. Since (M, uj) is 
not rational or ruled, it follows from Liu [H] that these are the only Jp-holomorphic 
spheres in classes (3 with ci(/3) > 0. (For details of this argument see [301 Cor 1.5].) 

Since regular sections through xq in classes with ci{a') = 2 are isolated, there can be 
a finite number of two component stable maps whose bubble is an exceptional sphere 
and there are no stable maps involving multiply covered exceptional classes. However 
there may be some with multiply covered bubbles in classes f3 with ci(/?) = 0. To deal 
with these, choose a suitable very small multivalued perturbation v over the moduli 
spaces of fiberwise curves with class kp for Lo{kf3) < k so that there are only isolated 
solutions of the corresponding perturbed equation. Since the sections through xq are 
regular, they can meet one of these isolated bubbles only if they lie in a moduli space 
of real dimension 2 and for generic choices of Jp and they will meet only one such 
bubble. Therefore for this choice of v the perturbed moduli space contains isolated two- 
component stable maps. It remains to extend the perturbation over a neighborhood of 
this stratum in Wo- (tapering it off to zero outside this neighborhood), and to define 
B' as the solution space of the resulting perturbed Cauchy-Riemann equation. 



Lemma 3.14 now implies that 



J,«l+a2=cr 

where runs over a basis for H^(P) with dual basis ^j. Note that we may choose this 
basis so that exactly one of each pair ^j,^* is a fiber class. 



The first term must vanish, since otherwise (M, uj) is strongly uniruled by Lemma 2.20 



Therefore there must be some nonzero product. If a2 is a fiber class then by Lemma 3.8 
{^j^P^)a ~ {^j^-^^P^)a^ SO that (M, w) is strongly uniruled by definition. Hence these 
product terms vanish. Further if 02 is a section class and 7^ [M] is a fiber class then 
(M, io) is strongly uniruled by Remark 2.10 On the other hand if ^* = [M] then there 



- a nonzero invariant \H2, for ai E H2{M) and some section class s which implies 
that cf^(ai) = 1. Also because ai-H2 7^ 0, the choice of H2 implies that ai is not one of 



the exceptional classes e^. But this is impossible since we saw above that the only bub- 
bles with Chern class 1 are the exceptional spheres. Therefore there must be a nonzero 
term in which both ai and are fiber classes. In this case, (^H2,S,j)^ = (^H2,(,jr\M^^ 
is an invariant in M. But the only nonzero classes ai G H2{M) with nontrivial 2-point 
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invariants are the exceptional divisors Si and £i ■ Hi = by construction. Therefore 
these terms must vanish as weh. This completes the proof. □ 

4. Special cases 

We now discuss some special 5^-actions for which it is possible to prove directly that 
(M, u}) is strongly uniruled. 

Proposition 4.1. Suppose that (M, w) is a semifree Hamiltonian S^-manifold. Then 
(M, io) is strongly uniruled. 

Proof. Denote by 7 the element in 7ri(HamM) represented by the circle action and by 
5(7) G QHif{M)^ its Seidel element. Since the action is semifree, [331 Thm 1.15] shows 
that 

5(7) *pt = a® q-H'-' + l.o.t. 
where a is a nonzero element of H2d{M) with d > 0. But if (M, w) is not strongly 



uniruled, 5(7) * pt = {'^® \ + x) * pt = pt ® Xhy Lemma 2.1 An alternative proof is 



given in Proposition |4.3[ □ 

The ideas of ^33j also work when the isotropy weights have absolute value < 2. (In 
this case, we say that the action has at most 2- fold isotropy.) This property is stable 
under blow up along the maximal or minimal fixed point sets: cf. Lemma 2.18[ 



Proposition 4.2. Suppose that {M,uj) is an effective Hamiltonian S"^ -manifold with 
at most 2-fold isotopy and isotropy weights 1 along Fmax- Then (M, w) is strongly 
uniruled. 



Proof. By Proposition 2.11 



5(7) =ao®q'^ t^'-^^ + V ap^ q^-<^m ^K^..-^(0) ^ 



/3e//2(Af;Z),<^(/3)>0 



where G H^,[M) and qq is in the image of -ff*(-Fmax) in H^,[M). Suppose that (M, uj) 



is not strongly uniruled. By Lemma 2.1 (iii), there is at least one term in 5(7) with 
ap = rl where r 7^ 0. Consider the term of this form with minimal u){l3). Let J be a 
generic w-tame and S'^-invariant almost complex structure on M, with corresponding 
metric gj. Proposition 3.4 of [33] shows that in order for r 7^ there must be, for 
every point y G -Fmiiu an S^-invariant J-holomorphic genus zero stable map in class j3 
that intersects -Fmax and y. Such an invariant element consists of a connected string 
of 2-spheres from -Fmax to y, possibly with added bubbles. Components of the string 
(called beads in |33j) either lie in the fixed point set or are formed by the orbits 
of the flfj-gradient trajectories of K. The energy oj{(3') of an invariant sphere in class 
fi' that joins the two fixed point components Fi,F2 is at least \K{Fi) — K{F2)\/q, 
where q is the order of the isotropy at a generic point of the sphere. Therefore, if the 
isotropy has order at most 2 the energy needed to get from Fmax to y G F^m is at least 
(-^max — -K'min)/2. In the case at hand, it is strictly larger than (-ftTmax — -K'min)/2 since 
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the first element of the string has trivial isotropy. Therefore there is r 7^ 0, x E Q_ 
such that 

5(7) = 10 (rt^-x-K + l o t) + ^ > (^^^^ _ K^.^)/2. 
Similarly, there is r' ^ 0,x' £ Q„ such that 

5(7-1) = 10 (/t-^-i"--' + l.o.t) + X', k' > (i^^ax - i^min)/2. 

Since 5 is a homomorphism, we know that 5(7) * 5(7"^) = 1. Now assume that M is 
not strongly uniruled. Then by Lemma |2.1[ ii) the above expressions imply that 

5(7) * 5(7-^) = rr'il <S) {t^ + l.o.t) , 5 <0, 

a contradiction. □ 

The previous results give conditions under which (M, u) is strongly uniruled, but 
they do not claim that the specific invariant {pt)^ is nonzero, where a is the orbit of 
a generic gradient flow line from -Fmax to -Fmin- There are two cases when we can prove 
this. Note that condition (ii) is not very general since -Fmax is often obtained by blow 
up and any such manifold is uniruled. 

Proposition 4.3. Suppose that (M, a;) is a Hamiltonian -manifold whose maximal 
and minimal fixed point sets are divisors. Suppose further that at least one of the 
following conditions holds: 

(i) the action is semifree, or 

(ii) there is an uj-tame almost complex structure J on -Fmax such that the nonconstant 
J -holomorphic spheres in -Fornax do Tiot Qo thvough 6V6Ty point. 

Then (pt)^' + 0. 

Proof. Suppose first that the action is semifree and let J be a generic S'^-invariant 
almost complex structure on M. Then by [33| Lemma 4.5] the gradient flow of the 
moment map with respect to the associated metric gj{-, •) = uj{-, J-) is Morse-Smale. 
Hence for a generic point xq of -Fmax all the gradient flow lines that start at xq end on 
Fmin- The union of these flow lines is an invariant J- holomorphic a-sphere through xq. 
Moreover there is no other invariant J-holomorphic stable map in class a through xq. 
For as in the previous proof this would have to consist of a sphere C through xq in Fmax 
together with a string of 2-spheres from a point x in F^max to a point y in Fmim possibly 
with added bubbles. (The string has to reach Fmm since a ■ Fmm = !•) But because 
the action is semifree the energy of such a string is at least Lv{a). Since uj{C) > this 
is impossible. Therefore there is only one invariant J-holomorphic stable map in class 
a through 2:0. Since this is regular, {pt)^ = 1. 

A similar argument works in case (ii) . Choose J to be a generic S^-invariant exten- 
sion of the given almost complex structure on Fmax- The arguments of [3T, §4.1] show 
that the set X of points in F^max that flow down to some intermediate fixed point set 
of K is closed and of codimension at least 2. Moreover by perturbing J in MxFmax 
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we may jiggle X so that there is a point G i^max\-'^ that does not he on any J- 
holomorphic sphere in -Fmax- Hence again there is only one invariant stable map in 
class Q through xq. The result follows as before. □ 

We end by discussing the case when H*{M]Q) is generated by H'^{M). Our main 
result here is the following. 

Proposition 4.4. Assume that H*{M;Q) is generated by H'^{M). Then (M, w) is 
strongly uniruled iff it is uniruled. 

The proof is given below. By Theorem |1.1| we immediately obtain: 

Corollary 4.5. Suppose that (M, u) is a Hamiltonian S"^ manifold such that H*{M ; Q) 
is generated by H'^{M). Then {M^co) is strongly uniruled. 

Remark 4.6. (i) Observe that if M is a Hamiltonian S" "^-manifold such that H*{M; Q) 
is generated by H^{M) then the same holds for the blow up of M along any of its fixed 
point submanifolds F. For because the moment map K is a, perfect Morse function 
the inclusion F M induces an injection on homology. (Any class c in H^,(F) can be 
written as c~ Pi F^ , where c~ , F~^ are the canonical downward and upward extensions of 
c, [F] defined for example in j33t §4.1].) Hence H*{F) is generated by the restrictions 
to F of the classes in H'^{M). Since the exceptional divisor E \s a bundle over 
F, H*{E) is also generated by H'^{E): in fact the generators are the pullbacks of the 
classes in H'^{F) plus the first Chern class c € H'^{E) of the canonical line bundle over 
E. But c is the restriction to E of the class c in M that is Poincare dual to E. It follows 
easily (using the Mayer- Vietoris sequence) that H*{M) is generated by the puUback of 
the classes in H'^{M) together with c; see the discussion of the cohomology of a blow 
up given in |I51 §5.1]. 

(ii) It is not clear which Hamiltonian manifolds have the property that H*{M) is 
generated by H'^{M). It is not enough that the fixed points are isolated. For example, 
Sue Tolmaij^ pointed out that the complex Grassmannian Gr(2,4) of 2-planes in 
has of dimension 1 and H'^ of dimension 2 so that 7^ (if^)^. It also has an 
action with precisely 6 fixed points. However, it is enough to have isolated fixed 
points plus semifree action, since in this case Tolman-Weitsman [38] show that H*{M) 
is isomorphic as a ring to the cohomology of a product of 2-spheres. Also H*{M) is 
generated by H^(M) in the toric case. However, these cases are uninteresting in the 
present context since we already know that these manifolds are strongly uniruled, in 



the former case by Proposition 4.3 and in the latter by the fact that toric manifolds 
are projectively uniruled. 



The proof of Proposition 4.4 uses the identities (3.9) and (3.10). Note that each 
time we apply one of these formulas we must take special care with the zero class. The 
following lemma is well known: cf. |15| Lemma 4.7]. 



Private communication. 
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Lemma 4.7. (rfc^ai, . . . ■,TkpO'p)^ 7^ for some p>2> only if the intersection product 
of the classes Oj is nonzero (i.e. the (real) codimensions of the ai sum to 2n) and 
J2ki=p-3. 

Proof. This is immediate from the definition if A;^ = for ah i. To prove the general case, 
one can either argue directly or can construct an inductive proof based on the identity 



(3.9). To understand why the invariant vanishes when dim(ai Pi • • • H Om) > 0, observe 
that in this case the moduli space A^o of constant maps with fixed marked points and 
through the constraints can be identified with ai n • • • n am and so has dimension > 0. 
But the classes ■0i are trivial on A^o and hence the integral of any product of the tpi 
over the full moduli space (with varying marked points) must vanish. □ 

Proof of Proposition \4.4[ 

Since any strongly uniruled manifold is uniruled, it suffices to prove the converse. 
This in turn is an immediate consequence of the next lemma. 

Lemma 4.8. Suppose that H*{M;Q^) is generated by H'^{M) and that there is a 
nonzero invariant of the form 

(4.1) {TkiPt,Tk^a2,. ■ . ,Tk^am)^\ ai £ H^{M),ki>0,l3 ^0. 

Then (M, cj) is strongly uniruled. 

Proof. The first two steps in this argument apply to all M and are contained in the 
proof of [1.5| Thm 4.9]. We include them for completeness. Without loss of generality 



we consider a nonzero invariant (4.1) such that m is minimal and w(/3) is minimal 
among all nonzero invariants (4.1 ) of length m with f3 ^ 0. We then order the indices 
ki so that ^2 < • • • < km and suppose that the ki for i > 1 are minimal with respect to 
the lexicographic order for the given m,iu{(3). Finally we choose a minimal ki for the 
given m,uj{(5), and ki,i > 1. 

Step 1: We may assume that ki = for i > 1. 

If not, let r be the minimal integer greater than one such that kr ^ 0. Suppose first 



that m > 3 and r > 2 and apply (3.9) with i = r,j = 1 and k = 2. Then the invariant 



(4.1 ) is a sum of products 

where runs over a basis for H^,{M) with dual basis {^*}, and the dots represent 
the other constraints r^^a^ (which may be distributed in any way.) There must be a 
nonzero product of this form. 

We now show that this is impossible. Suppose first that there is such a product 



with w(/3i) > 0. Then the second factor is an invariant of type (4.1 ) in a class (3' with 
oo{(5') < uj{f3) and at most m constraints. Since our assumptions imply that all such 
terms vanish, this is impossible. Hence any nonzero product must have uj{Pi) = and 
hence /3i = 0. But then the second factor has at least one fewer nonzero ki, since 
it has the homological constraint £,* instead of Tk^ar. This contradicts the assumed 
minimality k2, ■ . . , km- 
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This completes the proof when r > 2. If m > 3 but r = 2 use the same argument 
but take k = 3 instead of A; = 2. If m < 3 add divisorial constraints to get a nonzero 
invariant with 3 constraints. The reader can check that the previous argument still 
goes through because it does not use the minimality of m in any essential way. 

Step 2: ki = 0. 



If fci > apply (3.9) with i = l,j = 2 and fc = 3. Again, there must be a nonzero 
product of the form 

{Tk^-ipt, . . . (r, 02, as, . . . >*1^^ . 

Since the first factor can have at most (m — 1) constraints, the minimality of m implies 
that Pi = 0. But then ptn^ 7^ 0, so that ^ = [M]. Hence £,* = pt and the second factor 
is an invariant of the required form with ki = 0. 

Step 3: Completion of the proof. 

By hypothesis on M and Step 2, there is a nonzero invariant (^pt, Hl^ , . . . , H^^^^ 
with m constraints, where Hj G H2n-2iM). Moreover, we may assume that all in- 



variants (4.1) in a class P' with lo{P') < oj{P) or m' < m vanish and that the set 
22 < • • • < i„ is minimal in the lexicographic ordering. Note that 12 > 1 since other- 
wise we can reduce m by using the divisor equation. We must show that m < 3. 



Suppose not and apply (3.10) with i = 2 and j = 1. Since H2f\pt = the first term on 



the RHS vanishes. The second is a multiple of (rpt, ^ ■• ■• • • • ' ^va)^ ■ Suppose 



it is nonzero and apply (3.9 ) to it, with i = 1 and j, k, = 2, 3. This gives a sum of terms 
{pt,^, . . . (^H2^~^ , H^^ , ^* , . . . Since the first factor has < m constraints, we 

must have /3i = 0. But then = [M] so that ^* = pt. Hence all the other constraints 
must lie in the second factor (since it must have at least m constraints). Therefore the 
first factor is a constant map with only two constraints, i.e. it is unstable. But this is 



not allowed. Therefore, the second term in (3.10) must vanish. 



It remains to consider the product terms in (3.10), namely 



{p,.H2) {Hr\i,-..)l{vt,c,...)l. 

where Pi + P2 = P- In any nonzero product of this form. Pi 7^ 0. Also the stability 
condition on the second factor implies that if /?2 = this term must have another 
constraint. Since this must have the form H^-^ with ij > 0, this is not possible by 



Lemma 4.7 Therefore < uj{P2) < ^{P)- But then the second factor vanishes by the 



minimality of □ 

Remark 4.9. Suppose that (M, w) is uniruled with even constraints, i.e. there is a 
nonzero invariant of the form (14. 1|) in which all the have even degree. Then the 



proof of Lemma 4.8 goes through if we assume only that the even part H^^{M) of the 
cohomology ring is generated by H^. For if the Oj have even degree, odd dimensional 
homology classes appear in the above proof only as elements Since these always 

appear as part of invariants where all the other insertions have even dimension, all terms 
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involving odd dimensional £,* must vanish. The appendix contains other results about 



such manifolds; cf. Propositions A. 2 and A. 4 



Appendix A. The structure of QH^.{M) for uniruled M 
In this appendix we explore the extent to which the uniruled property can be seen 



in quantum homology, completing the discussion begun in Lemma 2.1 To simplify we 
shall ignore contributions to the quantum product from the odd dimensional homology 
classes. Hence our results are not as general as they might be. 

Let F := A be the field A*^"^'^ of generalized Laurent series. Observe that the even 
quantum homology 



QHT{M) := H2i{M- M) ® A[g, , 



j=0 

is a subring of QH^:{M) because when a,b G H^:{M) have even degree (^a,b,c)^^ = 
unless c also has even degree. We shall denote by A its subring QH2n[M) = Qf^InC-^) 
of elements of degree 2n, regarded as a commutative algebra over F. (Equivalently we 
can think of A as the algebra obtained from QHf>v{M) by setting q = 1.) 

Choose a basis for Hev{M;Q) with = pt, CiV = 1 and so that < deg(^j) < 2n 
for the other i. These elements form a finite basis for A considered as a vector space 
over F. Hence there is a well defined linear map / : ^ — > F given by 

N 

Since the corresponding pairing {a,b) := f{ab) on A is nondegenerate, {A, f) is a 
commutative Frobenius algebraj^ It is easy to see that it satisfies the other conditions 
of the next lemma, with p = pt and = span : i ^ 0, A'^}. In particular f{pa) = 
when a € Q- := pF © because all Gromov-Witten invariants of the form 

)" 

vanish. 



(a,6,[M])J', /?/0, a,6G//<2n(M) 



Lemma A.l. Let {A, f) be a finite dimensional commutative Frobenius algebra over 
a field F that decomposes additively as ^ = pF©7W©]lF where f{p) = 1 and ker / = 
© IF. Suppose further that f{pa) = for all a G Q_ := p¥ ® M. Then pa = for 
all a £ Q- iff there are no units in Q_ . 

Proof. One implication here is obvious: if a G Q_ is a unit then pa ^ 0. Conversely, 
suppose that pa ^ for some a £ Q_, but that there are no units in Q_. We shall 
show by a sequence of steps that there are no Frobenius algebras {A, f) that have this 
property as well as satisfying the other conditions in the statement of the lemma. 



^ A pair {A, /) consisting of a commutative finite dimensional unital algebra together with a Unear 
functional / : ^ ^ F satisfies the Frobenius nondegeneracy condition iff ker / contains no nontrivial 
ideals. 



HAMILTONIAN 5I-MANIFOLDS ARE UNIRULED 



45 



Decompose ^ as a sum ^1 © • • • © Ak of indecomposables and let ei, . . . , be the 
corresponding unitpotents. Thus for ah i,j 

Gj — ^'ij ' 3)11.(1. — • 

Each Ci may be written uniquely in the form Ajl + Xj where Xj G Q_ and Aj G F. Order 
the Cj so that the nonzero Aj are Ai, . . . , A^. Since ^ Cj = 1, we must have A^ = 1. 
In particular, i > 1. 

Step 1: units in Ai,i > 1, lie in Q_. Hence i = 1. 

Suppose there is a unit in Ai of the form fii'5l + x, where fii ^ and i > 1. Choose 
nonzero £ A for j ^ i, j < I, so that ^ z^jAj = /xj and set Vj := 1 when j > I. Then 
u := X^jyj z^jej — is a unit of A since it is a sum of units, one from each factor. By 
construction, the coefficient 11 in n vanishes. Hence n is a unit of A lying in Q_, which, 
by hypothesis, is impossible. 
Step 2: All nilpotent elements in A lie in Q_. 

If n = 11 — X is nilpotent for some x G Q_ , then x = 1 — n is a unit of A lying in Q_ . 
Step 3: For all i > 1, each Ai C Q_ and pci = 0. 

The standard theory of indecomposable finite dimensional algebras over a field im- 
plies that every nonzero element in Ai either is a unit or is nilpotent; see Curtis-Reiner 
[5^, pp. 370-2]. The units in Ai,i > 1, lie in Q_ by Step 1, and the nilpotent elements 
do too by Step 2. This proves the first statement. Thus CiX G Q_ for all x G ^ and 
z > 1, so that by our initial assumptions /(pe^x) = for all x. But the restriction of / 
to each summand Ai is nondegenerate. Hence this is possible only if pci = 0. 
Step 4: Completion of the argument. 

Let e = Cj. By the above we may assume that p = p(ll — e) G ^1. Decompose 
^1 additively as the direct sum J\f(BU where J\f is the subspace formed by the nilpotent 
elements and U \s a. complementary subspace. Step 2 implies that J\f d Air\ Q_ . On 
the other hand, as in Step 3, any nonzero element in ^1 n Q_ that is not nilpotent is a 
unit u in A\ . If any such existed then u + e would be a unit of A lying in Q_ . Hence by 
hypothesis we must have N = Ai H Thus p is nilpotent and dim^ = 1, spanned 
by ei. Further because Q- is spanned by N and the Ai,i > 1, p does not annihilate 
all elements in M. 

We now need to use further information about the structure of ^1 . Recall that the 
socle S of an algebra ^1 is the annihilator of M. Therefore, our assumption on p implies 
that p ^ S. But there always is w £ M such that pw is a nonzero element of S. To see 
this, choose a set xi = p, X2, ■ ■ ■ , x^ of multiplicative generators for M that includes p. 
There is such that all products of the Xj of length > N must vanish. (Take to 
be the sum of the orders of the Xj.) Therefore there is a nonzero product of maximal 
length that contains p and so can be written as pw. Since pwxi = for all i, pw G S. 
(A more precise version of this argument is given in Abrams [1, Prop. 3. 3].) 

The argument is now quickly completed. For, by the Frobenius nondegeneracy con- 
dition there must be z G ^ such that (pw, z) = f{pwz) 7^ 0. By Step 3 we may assume 
that z G .4i so that z = Aei -|- n for some n G M. But then pwz = pw{Xei) = Xpw so 
that f{\pw) = Xf{pw) / 0. But w £ M C Q- by construction. Hence f{pw) = by 
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our initial assumptions. This contradiction shows that our assumption that Q_ has no 
units must be wrong. □ 

We shall say that (M, to) is uniruled with even constraints if there is a nonzero 
Gromov-Witten invariant of the form (pt, a2, . . . , Ofc)^^ with /3 7^ and all of even 
degree. Similarly, (M, u) is strongly uniruled with even constraints if there is a 
nonzero invariant of this kind with k = 3. For example, (15] Cor. 4.3] shows that any 
projective manifold that is uniruled is in fact strongly uniruled with even constraints. 

Proposition A. 2. (M, u) is strongly uniruled with even constraints iff the even quan- 
tum homology ring QHf{M) has a unit in Q_. 

Proof. Note that QH^'"{M) has a unit iff its degree 2n part A has. Also the subring 
Q-{A) of A considered above is just the intersection Q_ n (5if|^(M). Therefore this 



is an immediate consequence of Lemma A.l □ 



If (Af , uj) is uniruled rather than strongly uniruled we can still see some effect on 
quantum homology if instead of considering the small quantum product * we consider 
the whole family of products *a, a £ TC. Here we shall take 7i := Hev{M;C) and 
correspondingly allow the coefficients of the elements ^ rif^' in A to be in C. Let 
= 0, . . . , N, he a basis for 7i with ^0 = pt as before, and identify 7{ with C^^^ by 
thinking of this as the standard basis in C^"^^. Denote by Tq, . . . , T^r the corresponding 
coordinate functions on TC, thought of as formal variables. If a = (ai,...,ap) is a 
multi-index with < ai < N define 

p 

1=1 

In this language, the (even) Gromov-Witten potential ^{t, T) is the formal power series 
in the variables t and T given by 

Let us assumj^ that the following condition holds: 

Condition (*): there is 6 > such that this series converges if we consider the Ti to 
he complex numbers such that |Tj| < 5. 

Then we may think of <^ as a function defined near G W with values in the field 
A = A™™. Further, as explained for example in |32l Ch 11.5], the structure constants of 
the associative product x^aU are given by evaluating the third derivatives of T) with 



We make this assumption to simplify our subsequent discussion. It is satisfied in tlie case of 
manifolds such as CP" (cf. [321 Ch 7.5]), but there is at present little understanding of when it is 
satisfied in general. Even if it were not satisfied, one could presumably adapt the results below in any 
particular case of interest. 
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respect to the variables Tj at the point T = a. In other words pjgj *a ij = Yl,k 
where 



We denote the corresponding (ungraded) rings by QH^^(M). As before, they are 
Frobenius algebras over the field F := A. 

The main point for us is the following lemma: 



Lemma A. 3. Assume that condition (*) holds and that there is a nonzero invariant 
(pt, 02, • • . , flfe)^ where (3^0 and the Ui have even degree. Then there are a,b & H 
with deg b < 2n such that pt *ab ^ 0. 

Proof. Let m + 3 be the minimal k for which some (pt, 02, . . . , o.k)^p does not vanish. If 



m < then we can take a = 1 so that, by Lemma 4.7 *a is the usual product. If m > 
then the hypothesis implies that some invariant of the form {j)t, ^j, ^fc, a, . . . , fl)^_,_3 ^ is 
nonzero. (This holds because GW invariants are symmetric and multilinear functions 



of their arguments.) But by equation (A.l) the coefficients c^j(a) are power series in 
the coordinates of a G 7i. Hence the fact that one coefficient of the power series for 
CQ^ (a) does not vanish implies that by perturbing a slightly if necessary we can arrange 

that CQj(a) itself is nonzero. It follows that pt *a 7^ 0. □ 



A similar argument proves the analog of the other statements in Lemma 2.1 More- 



over, if {A"", f) denotes the Frobenius algebra QH2n{M), then one can check as before 



that {A^, f) satisfies the conditions of Lemma A.l Thus we deduce: 



Proposition A. 4. Assume that condition (*) holds. Then {M,uj) is uniruled with 
even constraints iff there is a G 7i such that the even quantum ring QH^^{M) has a 
unit in Q_. 

Remark A. 5. (i) Suppose that {A, f) is a Frobenius algebra over a field F with the 
property that /(I) = 0. Suppose further that there \s p G A such that /(p) 7^ 
while /(p^) = 0. Since the functional ker / — > F given by x 1— > f{px) does not vanish 
when x = 1, its kernel is a complement to IF in ker /. Moreover the assumption 
/(P^) = implies that the subspace of A orthogonal io p Is p¥ ® M. =: Q_. Hence A 
decomposes additively as pF © © IF as in Lemma |A.1[ Therefore the conditions in 
this lemma are satisfied for some A4 provided only that /(I) = and there is p with 
/(p)/0,/(p2) = o. 

(ii) The fact that there is such a nice characterization of the uniruled property in terms 
of the structure of quantum homology leads immediately to speculations about rational 

^^One needs to interpret these formulas with some care. When we set T = a we are thinking 
of T as the set of numbers (To,...,Tfc) that are the coordinates of a = '}2Te(,e- On the other 
hand, the arguments of a Gromov-Witten invariant are homology classes. Thus (a, . . . , 1)^^^ = 
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connectedness. A projective manifold is said to be rationally connected if there is 
a holomorphic through every generic pair of points: see Kollar |T8]. This imphes 
that there is a holomorphic through generic sets of k points, for any k, but it is 
not yet known whether these spheres are visible in quantum homology, e.g. it is not 
known whether there must be a nontrivial Gromov-Witten invariant with more than 
one point constraint. This would correspond to the point class p := pt in QH^^(M) 
having nonzero square p'^. This raises many questions. Are there symplectic manifolds 
with p nilpotent but with 7^ 0? If p is not nilpotent is the quantum homology semi- 
simple? Abrams' condition for semi-simplicity in [1] involves the quantum Euler class. 
What is its relation to the class p? There are many possible choices for the coefficient 
ring A; how do these affect the situation? 



(iii) The purpose of Proposition A.4| is to show that there is not much conceptual dif- 



ference between the usual quantum product and its deformations *a- All the usual 
applications of quantum homology (such as the Seidel representation and spectral in- 
variants) should have analogs for *a. For example, given a E H2d{M;Q) let Q"" be 
the extension of 7ri(Ham(M)) whose elements are pairs (7,0) consisting of an element 
7 G 7ri(Ham(M)) with a class a £ -^^2^+2(^7) such that a Pi [M] = a; cf. the discus- 
sion of the group G in |32| Ch 12.5]. Then (assuming that the appropriate version of 
condition (*) holds) one can define a homomorphism 

by setting 



as in equation (2.2). It is not hard to check that this satisfies the analog of (2.4) 
namely 
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